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Abstract. This paper presents an analysis of the set of connections and covariant derivatives on a 
U(l) quantum Hopf bundle on the standard quantum sphere S^, whose total space algebra SU 9 (2) is 
equipped with the 3d left covariant differential calculus by Woronowicz. The introduction of a Hodge 
duality on both f!(SU 9 (2)) and on f2(S^) allows for the study of Laplacians and of gauged Laplacians. 
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1. Introduction 



This paper is focussed on the analysis of a class of Hall Hamiltonians in the noncommutative set up. 
It is intended as a survey of the general formulation of quantum principal bundles, and as a description of 
a specific procedure to introduce, on both the total space and the base space of a quantum Hopf bundle, 
a set of Laplacian operators and to couple them with gauge connections. It also presents a detailed 
formulation of the classical Hopf bundle. The emphasis in the presentation of structures from differential 
geometry will be given to their algebraic aspects extended to the noncommutative setting. 

Classical Hall Hamiltonians are gauged Laplace operators acting on the space of sections of the 
vector bundles associated to the principal bundles ir : G — > G/K over homogeneous spaces (with G 
semisimple and K compact) and can be constructed in terms of the Casimir operators of G and K. 
With (p, V) a representation of K, one has the identification of sections of the associated vector bundle 
E = Gx p(K) V with equivariant maps from G to V, T(G/K, E) ~ C°°(G, V) p(K) C C°°(G)®V. Given a 
connection on G one has a covariant derivative V on T(G/K, E), so that the gauged Laplacian operator is 
A E = (VV* + V*V) = *V*V, where the dual V* is defined from the metric induced on the homogeneous 
space basis G/K by the Cartan-Killing metric on G, or equivalently the Hodge duality comes from the 
induced metric on G/K. If the connection is the canonical one, given by the orthogonal splitting of the 
Lie algebra q of G in terms of the Lie algebra t of the gauge group and of its orthogonal complement, 
then the gauged Laplacian operator can be cast in terms of the quadratic Casimirs of g and t: 

(1.1) A E = (A G ® 1 - 1 ® C t )\ Cx{G V)p{K) = (C ® 1 - 1 ® C,)| coo(G)VW) 

The above formula [4] simplifies the diagonalisation of the gauged Laplacian, and has important appli- 
cations in the study of the heat kernel expansion and index theorems on principal bundles. 

The natural evolution is to develop models of the Hall effect on noncommutative spaces whose sym- 
metries are described in terms of quantum groups. In |24j the first model of 'excitations moving on a 
quantum 2-sphere' in the field of a magnetic monopole has been studied. It is described by quantum prin- 
cipal U(l)-bundle over a quantum sphere having as a total space the manifold of the quantum group 
SU g (2) [6]. The natural associated line bundles are classified by the winding number n € Z: equipped 
SU g (2) with the three dimensional left covariant calculus from Woronowicz |38j . the gauge monopole 
connection is studied and a gauged Laplacian acting on sections of the associated bundle is completely 
diagonalised. That paper presents a first generalisation of the relation Its most interesting aspect 

is that the corresponding energies are not invariant under the exchange monopole/antimonopole, namely 
the spectrum of the gauged Laplacian is not invariant under the inversion of the direction of the magnetic 
field, a manifestation of the phenomenon usually referred to as 'quantisation removes degeneracy'. A 
parallel study of the relation is presented in [llj . where Laplacians on a quantum projective plane 
are gauged via the monopole connection. 

The analysis in [24j embodies two specific starting points. The first one is that the quantum Casimir 
C q for the universal envelopping algebra U q (su(i)) dual to SU g (2) - thus playing the quantum role of the 
classical envelopping algebra dual to the classical Lie group - is a quadratic operator in the generators 
of Li q (su(z)) acting on SU 9 (2), but can not be cast in the form of a whatever rank polynomial in the 
left invariant generators of the left invariant three dimensional differential calculus by Woronowicz, so to 
say in the basis of natural left invariant derivations associated to this differential calculus. The second 
starting point is given by the studies performed in [26 . In that paper a ★-Hodge operator on the exterior 
algebra on the Podles sphere - coming from the differential two dimensional calculus induced on 
by the three dimensional calculus on SU 9 (2) - had been introduced, so to make it possible the definition 
of a Laplacian operator on S^. 

This paper develops the analysis started in |24j , and describes another generalisation of the relation 
(jl.ip to the setting of the same quantum Hopf bundle. A family of compatible *-Hodge structures on the 
exterior algebras Q(SU g (2)) and fi(S^) , depending on a set of real parameters, are introduced, giving the 
corresponding Laplacians □su,(2) = *d*d : .4(SU q (2)) i-» A(SXJ q (2)), and Dga = *d*d : A(Sg) ^ A(S q ). 
The connections on the principal bundle allows for a gauging of the Laplacian Dg2 on each associated 
line bundle. When Dga is gauged into Dd via the monopole connection, one finds 

(1.2) q 2n n Do = (n SVq(2) + 7 x z x z ), 

where the integer n € Z specifies the value of the monopole charge. This is the relation generalising 
the first equality in (11.11) : the role of the quadratic Casimir of the gauge group algebra is played by 
jX z X z >, with X z the vertical derivation of the fibration, and 7 G M+ appears in this formulation 
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as a parametrisation for a set of compatible *-Hodge structures giving Laplacians satisfying the same 
relation (fL2"j) . 

This paper begins with an exposition of the classical Hopf bundle ir : S 3 — > S 2 . Section [2] presents a 
global - i.e. charts independent - description of the differential calculi on both the Lie group manifold 
SU(2) ~ S 3 and on the homogeneous space S 2 = S 3 / U(l), and introduces on the exterior algebras ft(S 3 ) 
and £l(S 2 ) the Hodge duality structures coming from a Cartan-Killing type metric on the Lie algebra 
011(2), in order to define Laplacian operators. The principal bundle structure is described in terms of a 
well known principal bundle atlas. The aim of the section is to explicitly compute for such a specific 
Hopf bundle, following the classical approach from differential geometry, the main structures which will 
be generalised to the quantum setting. A more general and complete analysis of a noncommutative 
geometry approach to the differential geometry of principal and quantum bundles is in [3]. 

Section [3] describes the quantum formulation [6] of the principal bundle having _4(SU 9 (2)) as total 
space algebra, A(S 2 ) as base manifold algebra and _4(U(1)) as gauge group algebra, with the differential 
calculus on SU g (2) given the 3d left-covariant calculus introduced by Woronowicz |37l 138] . 

Section[5]presents a *-Hodge duality on r2(SU 9 (2)), allowing for the definition of a Laplacian operator. 
The Hodge duality is introduced following [22] ; section [5] describes an evolution of this approach, giving 
a *-Hodge duality structure on Sl(Sg), and analysing its compatibility with the one on f2(SU q (2)). 

Section |5] provides a complete explicit description of the set of connections on this specific realisation 
of the quantum Hopf bundle, and of the main properties of the covariant derivative operators on each 
associated line bundle. The emphasis is on the domain of the covariant derivative operators - the set of 
horizontal coequivariant elements of the bundle - which appears here as the quantum counterpart of the 
classical forms also called tensorial forms. Section [7] studies the coupling of the Laplacian operator on 
Sl(Sg) to the gauge connections. 

Section[5]applies to the commutative algebras {„4(SU 9 (2)), ^(S* 2 ), _A(U(1))} the formalism developed 
in the quantum setting, in order to recover the structure of the classical Hopf bundle from an algebraic 
perspective. Section [S] closes the paper with an evolution of section [5J describing how a covariant 
derivative operator can be defined on ri(SU (? (2)), the whole exterior algebra on the total space SU g (2) 
of the quantum Hopf bundle, following the formalism developed in (12L 1 13] . 

2. The classical Hopf bundle 

The first formulation of what are nowadays known as Hopf fibrations is contained in [181 119] in 
terms of projecting spheres to spheres of lower dimensions: it came also as a geometric formulation of 
the Dirac's model of magnetic monopole [10]. The following lines are intended as a concise introduction 
to the formalism of fiber - and principal - bundles, aimed to set the notations that will be used in this 
paper: excellent textbooks - like for example I20L I28j - deeply and extensively describe this subject. 

With tt : V — > M. a smooth surjective map from a manifold V to a manifold Ai, tt) is a fibre 

bundle with typical fibre T over M. if there is a fibre bundle atlas with charts (Ui,Xi), where Ui is an 
open covering of M and the diffcomorphisms Xi : 7r — 1 (f/^) — > Ui x T are such that tt : 7r _1 (C/i) — > Ui 
is the composition of A^ with the projection onto the first factor in Ui x T . The manifold V is called 
the total space of the bundle, the manifold A4 is the base of the bundle. From the definition it follows 
that 7r _1 (m) is diffeomorphic to F - the fibre of the bundle - for any m 6 A4. For any / £ J one has 
Xi o A~ 1 (m, /) = (to, Xij(m, /)) where Ay : (Ui n Uj) x T — >• T is smooth and Xij(m, ) belongs to the 
group Diff(J r ) of diffeomorphisms of the fibre T for each to e UiDUj. The mappings Ay are called the 
transition functions of the bundle, and satisfy the cocycle condition Ay (to, ) o Xjk(m, ) = Xik{m, ) for 
m€ Ui n Uj n Uk, with Xii(m, ) = id? for to € Ui. 

A fibre bundle (V, A4,ir) is called a vector bundle if its typical fibre J 7 is a vector space and if the 
trivialisation diffeomorphisms Xi give transition functions Ay which are invertible linear maps, elements 
in GL(J r ) for any to € M. A principal bundle (V,K, [M],ir) with structure group K is a fibre bundle 
(V, M. , tt) with typical fibre K and transition functions Ay (m, ) € Aut(K) which give the left translation 
of the group K on itself. On the total space of a principal bundle there is also a right action of the Lie 
group K - that is Tk'(rk(p)) = ^kk>(p) for any p £ V and fc, k' S K - such that 7r(rfc(p)) = ir(p), and such 
that the action is free and transitive. The base M. of the bundle can be identified with the quotient V /K 
with respect to such a right action. 

Given G a Lie group and K C G a closed Lie subgroup of it, the group manifold G is the total 
space manifold of a principal bundle (G, K, G/K, ir) with base space G/K - the space of left cosets - and 
typical fiber given by the structure or gauge group K, so that the bundle projection ir : G —> G/K is the 
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canonical projection. The right principal action of the gauge group K on G is given as Vk(g) = gk for any 
fceK and g £ G. This action trivially satisfies the requirements of being free and transitive. If 6 is the 
Lie algebra of the group K, the fundamental vector field X T £ X(G) associated to t € t is defined as the 
infinitesimal generator of the right principal action r cxp ST (g) = g exp sr of the one parameter subgroup 
expsr C K: the mapping ret^ {X T } £ X(G) is a Lie algebra isomorphism between t and the set of 
fundamental vector fields {X T }. A differential form (f> £ 0(G) is called horizontal if ix T 4> — for any 
fundamental vector field X T . 

If p : K — > GL(V1 / ) is a finite dimensional representation of K on the vector space W, the associated 
vector bundle to G is the vector bundle whose total space is £ = G x p (k) W, having typical fiber W. It is 
defined as the quotient of the product Gx W by the equivalence relation (rfc(<?) = gk: w) <~ (<?; p(k)-w) for 
any choice of g £ G, k £ K and w £ W: (£, G/K, ng) is a fibre bundle with a projection tt£ : £ — > G/K 
which is consistently defined on the quotient as we [g, w] p (k) = 7r (5) from the principal bundle projection 

7T. 

With r* k : 0(G) — )■ 0(G) the action of K on the exterior algebra 0(G) induced as a pull-back of the 
right action r^ of K on G, the p(K)-equivariant r-forms of the principal bundle are IT-valued forms on 
G defined as: 

(2.1) o r (G, w) p(K) = {4>£ n r (G, w) = n r (G) ® w ■. 4(<f>) = p-'im. 

A section of the associated bundle £ is an element in L(G/K, £), namely a map a : G/K — > £ such that 
TT£(a(m)) = m for any m £ G/K. This definition is extended to L( r )(G/K,£), the set of r-forms on the 
basis G/K of the principal bundle with values in £. There is a canonical isomorphism 

(2.2) rM(G/K,£)~OL r (G,W0,(K) 

from the space of ^-valued differential forms on G/K onto the space of horizontal /}(K)-equivariant W- 
valued differential forms on the principal bundle (G, K, tt). For r = - with T(G/K, £) ~ (G/K, £) - 
the isomorphism gives the well known equivalence between equivariant functions of a principal bundle and 
sections of its associated bundle. In particular, for W — M, C with trivial representation the isomorphism 
is 

(2.3) 0(G/K) ~ O hor (G) p(K)= K = {</> € 0(G) : % Xr <j> = 0; r^ = «/»}, 
giving a description of the exterior algebra on the basis of the principal bundle. 

A connection on a principal bundle can be given via a connection 1-form. A connection 1-form on 
G is an element uo £ 0(G, f), taking values in t and satisfying the two local conditions: 

L0(X T ) = T, 

where the adjoint action of K is given by (Ad^-i oj)(X) = k~ 1 oj(X)k for any vector field X £ X(G). At 
each point g £ G there is on the tangent space T g G a natural notion of vertical subspace, whose basis 
is given by the vectors X T which are tangent to the fiber group K, while the connection 1-form selects 
the horizontal subspace Hg°\G) given by the kernel of uj. Identifiying the element lo(X) £ t with the 
vertical vector field it generates, the expression X^ = X — lo(X) denotes the horizontal projection of 
the vector field X £ X(G). 

Given any p(K)-equivariant form <f) € O r (G, IL r ) (9 ( K ), the covariant derivative is defined as the map: 

(2.4) D : Q r (G,W) p(K) -+ O^G, W) p{K) , Dcj>{X u . . .,X r+1 ) = d<j>(x["\ . . .,X^ + \) 

where d is the exterior derivative on G. On a p(K)-equivariant horizontal form £ Oh or (G, M / ) (9 (k) the 
action of the covariant derivative can be written in terms of the connection 1-form as: 

(2.5) Dcj) = d(f> + lu A (j). 



The following sections describe the Hopf fibration tt : S 3 i-> S 2 , with G ~ SU(2), K ~ U(l) and S 2 
the space of the orbits 5?7(2)/U(l), and the monopole connection. 
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2.1. A differential calculus on the classical SU(2) Lie group. The aim of this section is to 
describe the differential calculus on the total space of this bundle, in terms of a natural basis of global 
vector fields and 1-forms |28j . It is intended to give them an explicit expression in order to clarify the 
classical limit of their quantum counterparts. 



Recall that a Lie group G naturally acts on itself both from the right and from the left. The left 
action is the smooth map l:GxG^G defined via the left multiplication \{g' , g) = g'g = l 9 '(g): since 
lg' g "{g) — l g ' (lp" (<?)), the left action is a group homomorphism l g : G — > Aut(G). The right action is 
the smooth map r : G x G — > G defined via the right multiplication t(g,g') = gg' = v g i{g); it is then 
immediate to see that ^g>g»{g) = gg'g" = T g"( T g'(g)) : the right action is a group anti-homomorphism 
v g : G — > Aut(G). For any Teg, the Lie algebra of G, it is possible to define a vector field Rt € X(G). 
It acts as a derivation on a smooth complex valued function defined on G, and can be written in terms 
of the pull-back 1* : G°°(G) -> G°°(G) induced by \ g . On (f> e G°°(G): 

(2-6) ^(0) = ^(l e * xpsT (0))U 

Although defined via the left action 1 9 , the vector field Rt is called the right invariant vector field 
associated to T G g; this set of fields owes its name to the fact that, given r g * : X(G) — > X(G) the 
push- forward induced by the right action r 9 , they satisfy a property of right invariance as r ff *(ii/r) = Rt- 
From the definition of the pull-back map 1* : G°°(G) — > G°°(G) one has: 

l^„(^) = 0ol aV , = ^oVoV=l^(i;,(0)) 

for any <f> g G°°(G). This relation enables to prove that the map 1 : T G g —> Rt S X(G) is a Lie algebra 
anti-homomorphism, [Rt,Rt'] = R[T',T]- 

The analogous definitions starting from the right action naturally hold. For any Teg, the vector 
field Lt £ £(G) is defined as a derivation on G°°(G), namely as the infinitesimal generator of the 
pull-back r* induced by the right action r ff : 

(2-7) L r (^) = ^(r: xpsT (^))| 5=0 

on any 4> £ G°°(G). Left invariant vector fields satisfy a property of left invariance given as \*(Lt) = Lt, 
the map f : T G g — > Lt G X(G) is a Lie algebra homomorphism, with [Lt,Lt>] = £[t,t']- The sets 
{Lt}, {Rt} are two basis of the left free G°° (G)-module X(G). 



The total space of the classical Hopf bundle is the manifold S 3 , which represents the elements of the 
Lie group SU (2). A point g £ S 3 can be then written via a 2 x 2 matrix with complex entries and unit 
determinant: 

(2.8) g=(l : uu + vv = 1; 

the left invariant vector fields f(T) = Lt are given, following (|2.7p . as the tangent vectors to the curves 
g(s) = g ■ exp sT. In the defining matrix representation it reads: 

(») s(: 7)«i»°=(: 

Since exp sT is unitary, T is antihermitian, and the choice of a basis in terms of the Pauli matrices: 



(2 10) T l - ( ° l \ T i ( ° "M T - - f 1 ° 



gives the explicit form of the left invariant vector fields: 



1 f d _ d d d 

2 \ du dv dv du 

L -If-—--—- — — 
y 2 \ du dv dv du 

_ if d d _ d d 

2 \ du dv dv du 

i r , i 9 9 

L_ = L x — iL v = i v-— — u- 



du dv 
( _ d _ d 

(2.11) L+ = L x + iL y = i^u— -v— 
satisfying the commutation relations: 

[L Z ;L-] = iL-, 
[L Z ;L + ] = -iL + , 

(2.12) [L-;L+] =2iL z . 

The components of the right invariant vector fields Rt — 1(T) are then clearly given in the defining 
matrix representation (|2.6p as: 



acquiring the form: 



i ( d d d d 
x 2\du dv dv du 

R ---( v — - — -u— v— 
2 \ du dv dv du 

1 ( d d _ d d 

R * = o u "5 V 7T + v ^= ~ U 7T 

2 \ du dv dv du 

„ ( d _ d 
R— = Rx — iRy = i v— u— 



du dv 
d d 

(2.1.4) R. = /?,-//,'„ = ;{u— -v— 



The commutation relations they satisfy are: 

[R Z ;R-] = -iR-, 
[R z ;R-]=iR+, 

(2.15) [R-;R+] = -2iR z . 
The quadratic Casimir of the Lie algebra su(z) is written as 

(2.16) C = \{L+L- + L-L+) + L Z L Z = ^(R+R- + R-R+) + R Z R Z . 

The set X(S 3 ) is a free left C°°(S 3 )- module. Right vector fields can be expressed in the basis of the left 
vector fields as R a = J a bLb- The matrix J is given by: 

R- 

R z 

Ra 




u 2 


2uv 


"" 2 ^ 1 


(L- 


—uv 


uu — vv 


—uv 


L z 


-v 2 


2uv 


u 2 / 1 


\ L + 



u 2 


—2uv 


\ 1 


( R - 


uv 


uu — vv 


uv 


Rz 


-v 2 


—2uv 


u 2 / 1 


{ R+ 



A similar analysis can be performed in the study of the cotangent space X*(G) of a Lie group. This 
is a C°°(5' 3 )-bimodule, with two basis of globally defined 1-forms, namely the left invariant {w a } dual to 
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the set of left invariant vector fields {L a }, and the right invariant {fj b } dual to the set of right invariant 
vector fields {R b }. They satisfy the invariance property: 



l*(ui a ) = Q a , 

(2-19) r* g (fj b ) = fj b : 

one then immediately computes: 

(2.20) Ri — JijLj -O- rj s J sp — uj p . 
The left invariant 1-forms are: 

uj z = —2i (udu + vdv) 
W- = —i (vdu — udv) 

(2.21) Cb + = —i (udv — vdu) 

with uj x — + £>+) and uj y — — £>_). The antilinear involution on f2 1 (S' 3 ), compatible with the 
antilinear involution on C°°(S 3 ), is given by ui* — Q x , uj* — uj v , uj* — uj z . The right-invariant 1-forms 
are: 

fj z = 2i (udu + vdv) 
fj- = i (udv — vdu) 

(2.22) fj + = —i (udv — vdu) . 

Given a complex valued smooth function <f> £ C°°(S 3 ), the exterior derivative is the map d : C oa (S 3 ) — > 
^(S 3 ) defined via: 

(2.23) d<j)(X) = X(4>) 

in terms of the Lie derivative X(<f>) of </> along the vector field X. This map acquires the form: 

(2.24) d(f> = L a (^)Cj a = R b (cf>)fi b 

where now L a (<f>) represents the Lie derivative of 4> along the vector field L a , while R b (4>) represents the 
Lie derivative of </> along the vector field R b . 

From the C°°(5 3 )-bimodule O 1 (S 13 ) define the tensor product of forms as the C°°(S' 3 )-bimodule 
{^(s 3 )}^ = n^s 3 ) ® G do( S s) ... (g) C oo( S 3) ^(S 3 ) (k times). The exterior algebra coming from the 
differential calculus (|2.24l) is defined as the graded associative algebra il(S 3 ) — (0fef2 fc (5 3 ); A) , with k- 
forms and wedge product introduced in terms of an alternation mapping 21 : {f2 1 (S' 3 )} (8fe — > {f2 1 (S ,3 )}® fc 
PQ. The wedge product is bilinear, and satisfies the identity a A ft = (—l) kl f3 A a for any fc-form a and 
Z-form p. The complex involution is extended by requiring 

(a A 0)* = (-l) kl p* A a*. 

The exterior derivative is extended to d : fl k (S 3 ) — > £l k+1 (S 3 ) as the unique C-linear mapping satisfying 
the conditions: 

(1) d is a graded A-derivation, that is d(a A (3) — (da) A j3 + (— l) k a A d/3 for any fc-form a; 

(2) d 2 = dod = 0; 

(3) on cj) £ n°(S 3 ) ~ C°°(S 3 ), it is given by d(f> as in (l2~24ll . 

It is then easy to see that fl 2 (S 3 ) is three dimensional, with a basis given by Au>+, w+ /\Q Z , (i 2 Aw-}: 
extending in a natural way via the pull back the left and right actions of the group SU(2) on tt 2 (S 3 ), it 
is also clear that such basis elements are left invariant. From (12.21[) one has: 

dd)_ = iQ^ A Q z , 
d£j + = —iuj + A U) z , 

(2.25) dCo z = 2iu- Auj + . 

The bimodule il 3 (S 3 ) is one dimensional, with again a left invariant basis 3-form given by Aui + Aoj z }. 
A right invariant basis of the exterior algebra Q(S 3 ) is analogously given in terms of the 1-forms fj a . 
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2.2. A Laplacian operator on the group manifold SU(2). Being SU(2) a semisimple Lie 
group, the group manifold S 3 can be equipped with the Cartan-Killing metric originated from the 
Cartan decomposition of the Lie algebra su(2). Consider now as a riemannian metric structure on S 3 
the symmetric tensor 

(2.26) g = a(ui x ® uj x + uj v ® uj y ) + uj z ® Q z , 

with a € M + . For a = 1 such a metric tensor coincides with the the Cartan-Killing metric. The 
volume associated to the g-orthonormal basis and to the choice of the orientation (x, y, z) is given by 
9 = a u) x A Qy A uj z , so that 9* — 9. Such a volume 9 is a Haar volume, namely it is invariant with respect 
to both the left 1* and the right actions r* of the Lie group SU(2) on itself, since an explicit calculation 
gives L a (9) — R a {9) — 0. The Hodge duality ★ : fl k (S 3 ) — > fl 3 ~ k (S 3 ) which corresponds to this volume 
PQ is the C°°(S 3 )-linear map given on the left invariant basis of the exterior algebra r2(5" 3 ) by *(1) = 9, 
*(6) = 1, and: 

*(w I ) = w !/ Aw z , *(u>y A Q z ) = £> x , 

(2.27) -k(u} y ) = Q z Au) x , *(& z A Cu x ) = diy, 

*{ib z ) = aG) x A Lu y , *(ti x A ujy) — a^ 1 Cj z . 

The differential calculus on the group manifold S 3 as well as the above *-Hodge duality on the exterior 
algebra f2(5 3 ) give a Laplacian operator defined as Ogscf) = *d * d(j) on any <fi € C°°(S 3 ). It can be 
written as a differential operator in terms of the left invariant vector fields: 

(2.28) n s3 <t> = \^-{L-L+ + L+L_) + L Z L Z ]4> 

The Laplacian operator is the Casimir of the Lie algebra su(2) only if a = 1, that is only if the metric 
from where it is originated is the Cartan-Killing metric. 
The Hodge structure satisfies two identities: 

(2.29) * 2 (£) = (-l) fe ( 3 -^ = £ 

(2.30) £A(*O=£'A(*0 

for any e £l k (S 3 ). This allows to define a symmetric bilinear map ( , ) 53 : £l k (S 3 ) x £l k (S 3 ) — > 
C°°(S 3 ) (fc = 0,...,3) as: 

(2.31) &£V* = £A(*0. 

It is clearly a symmetric tensor on {X* (S 3 )}® 2k , whose components can be expressed in terms of the 
components of the inverse metric g^ 1 — g~ lab L a <E) Lb E {X 1 (S 3 )}® 2 with g~ lab gbc = S^, as 

(2.32) A ... A^ii A .. .AQ jk ) s s = ]>> CT g- lilCT(jl) ■ ..g- u *°^ 

where the summation is over permutations a of k elements, with parity ir a . Starting from the Hodge 
duality a second bilinear map ( , )g 3 ■ fl k (S 3 ) x Q k (S 3 ) —> C°°(S 3 ), can be introduced as 

(2.33) (CS^fAW) 

for any £ fl k (S 3 ), being hermitian ((£',£)g 3 )* = (£,£') 53. The Haar volume form can be used to 
introduce an integral on a manifold 1 , J e : il 3 (S 3 ) —> C; being S 3 compact, the volume of the group 
manifold can be normalised, setting J g 9 = 1. From (|2.3L|) and (|2 . 33[) it is possible to define on the 
exterior algebra £l(S 3 ) both a scalar product, 



(2-34) (£;Os3 = / £ A (*£') = / 6, 

Je Je 

and an hermitian inner product, 

(2.35) (f;0s"= /rAK')= / (?,t)&6. 



An evaluation on a non hermitian basis in Q(S 3 ) presents the differences between the non vanishing 
terms of two bilinear forms: 



(2.36) 
while 



(2.37) 



(uj + ,u)-) s3 = — > (&z,&z)s3 = l; 



2a 



>s 3 



= l; 



(w + ,w+) 5 3 = — , {u z ,u z ) ss 



uj + Aw z ,w + Aii 2 ) S 3 = (cD_ Aui z ,ti- Aii z ) s3 = — , 



= 1. 



. 1 

(u_Au + ,u-Au + ) s , = 



2.3. The principal bundle structure and the monopole connection. Consider the one pa- 
rameter subgroup of SU(2) given by 7t 2 (s) = exp sT z where T z is the generator in (|2.10p . In this specific 
matrix representation it is 



(2.38) 



7t 2 (s) = exp 



1 

-1 



e is/2 Q 

e~ ls / 2 



thus proving that 7r,(s) — U(l) as a subgroup in SU(2). The space of left cosets 5C/(2)/U(l) is 
the set of the orbits of the right principal action i CX p S T z {g) = ffexpsT z which is free, and smooth; its 
infinitesimal generator coincides with the vector field L z (|2.9p . As already mentioned the canonical 
projection tt : SU(2) — > S?7(2)/U(l) gives a principal bundle whose vertical field is L z . A formulation 
for a principal bundle atlas on a homogeneous space is extensively analysed in terms of local sections 
|20L 128) . This section describes in detail how a principal bundle atlas is introduced |15L 135] defining 
suitable trivialisations. 
Parametrise S 3 by 

u = cos 6»/2 e^+'A)/ 2 
v = sin(9/2e^^-^/ 2 , 

with < 9 < vr and <j), ip G K, the Hopf map vr : SU{2) -> S 2 ~ 5t/(2)/ U(l) is defined by: 



6 2 = mi 

fey = U« 



(2.39) 



= costf, 
vu* = sin cos (p, 
i{vu* — uv*) = — sin 9 sin </j 



with 6 2 + fe 2 , + b 2 = 1. It is immediate to sec that 7r(u, w) = 7r(u', w') if and only if u' = ue lQ and u' = we M 
with a£l: this is also a way to recover that the projection has the standard fibre U(l). A choice for 
an open covering of the sphere S 2 is given by: 



(2.40) 
with S 3 ^ 



q2 

r.2 
b (S) 



= {S 2 :b z ^l} 
= {S 2 : b z £ -1} 



n- 1 (Sf N) ) = Sf N) ={S 3 :v^0}, 
7 r- 1 (Sf s) )=S 3 {s) ={S 3 :u^0}, 



^U) x v * a ^ ne diffeomorphisms: 



g~(u,v) G Sf 



g ~ (u, w) g S? 



(JV) 

3 

(■5) 



: Ms) = Mff)5 rr) e Sf^ x U(l), 
:A s ( 5 ) = ( 7 r( 5 );^ T )G S ( 2 s) xU(1). 



The set of transition functions associated with this trivialisation is given by A^g = \,sn = As o A^ 1 : 
(5^n5 ( 2 s) )xU(l) -> U(l). Choose 6 - (0, G Sf N) nSf sy The element (6, e M ) € (^ N) n5 ( 2 s) )xU(l) 



is mapped into 



\^(b,e ia ) = (u 



by - ib x 
V2(l - b z ) 



\ s o\- 1 (b;e la ) = (b,e^e la ). 



This means that XsN{b) ■ e 



The transition functions describe a left action of the U(l) gauge 



group on itself, and trivially satisfy the cocycle conditions. 

For any integer n there is a representation of the gauge group, 

(2.41) p {n) : U(l) ->• C*, P(n) (e la ) = e ma 

so that for any n € Z there is a line bundle £„ = SU(2) x p( , C associated to the principal Hopf bundle. 
Since the representations of the gauge group given in (I2.4ip are defined on C, the set Vl r (S 3 , C) P(n) ~ 
n r (S 3 ) of p( n )(U(l))-equivariant r-forms on the Hopf bundle can be easily described in terms of the 
action of the vertical field of the bundle, giving the infinitesimal version of the definition in (|2.1I) (with 
r = 0,...,3) 



(2.42) 



The sets r2 r (S ,3 ) P(n) are C°°(S )-bimodule. The horizontal p(„)(U(l))-equivariant r-forms are given as: 



(2.43) 



4 p) = {0e ^(^W, : *L,(0) = O} 



for r > 0: one obviously has £„ 



(3) 



while 



(2.44) 



4°) = 0°(5 3 ) P(n) - {0 G C°°(5 3 ) : f = & LM = -(in/2)#. 



With r( r '(S' 2 ,£'„) the set of £„-valued r-forms defined on S" 2 , the isomorphisms in (|2.2[) can be written 
as isomorphisms of C°°(S 2 )-bimodule 



(2.45) 



rM(S 2 ,£ n )~£«. 



They formalise the equivalence between r-form valued sections on each line bundle £ n and p( n )(U(l))- 
equivariant horizontal r-forms of the principal Hopf bundle. This equivalence can be described - as in 
[29] - using the local trivialisation (I2.40[) . A global, algebraic description of them, naturally conceived for 
the generalisation to the non commutative setting, is in [23] . and it is based on the Serre-Swan theorerrQ. 



Given n G Z, consider an element 



n > 



fW) G C°°(S' 3 )'"' +1 whose components are given by: 



(2.46) 



n < 



\j>(™)\ = 



" l^u"-" G £l 0) , 



„I«|-/* U M g £(0) 



with /i = 0, . . . |n|. Recalling the binomial expansion it is easy to compute that: 



(2.47) 



n > 



n < 



^r(n) 5 ^(n)\ _ 



M=0 



(uu + vv) n = 1, 



The ket-bra element p( n ) = viK n M g MN+^C 00 ^ 2 )) is then a projector in the free finitely 

generated module C°°(S 2 )^ +1 , as it satisfies the identities (pW)t = p("), (p(™)) 2 = p("). The matrix 



lr The theorem of Serre and Swan 1341 constructs a complete equivalence between the category of (smooth) vector 
bundles over a (smooth) compact manifold M and bundle maps, and the category of finite projective modules over the 
commutative algebra C(M) of (smooth) functions over M and module morphisms. The space T(M, S) of (smooth) sections 
of a vector bundle tT£ : £ — > M over a compact manifold M is a finite projective module over the commutative algebra 
C(M) and every finite projective C(.M )-module can be realised as a module of sections of a vector bundle over M. 
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S (n) _ 



elements of the projectors are given by p^J 
its trace is the constant unit function given by 



\ /yjjn») ; each projector p( n ' has rank 1, because 



(2.48) 



\n\ 

fj,=0 M 



Consider the set of p(„)(U(l))-equivariant map £^°' as a left module over C°°(S 2 ) C C°°(5 3 ): any 
equivariant map <j) G £„ can be written in terms of an element (/| G C°° (S 2 )\ n \ +1 as 



</>/ = (/,* (n) ) = E</i 



iu=0 



§(") 



Given the set r(°-'(S' 2 ,£„) of sections of each associated line bundle £ n , the equivalence with the set £,n ^ 
of p(„) (U (l))-equivariant maps of the Hopf bundle is formalised via an isomorphism between C°° (S 2 )-left 
modules, represented by: 

r(°)(s 2 ,£„) o 4°) 



(2.49) 



for any (/| e C 00 (S' 2 )'™' +1 . Since from this definition it is (ct/| = (o/|, this isomorphism enables to 
recover \a f \ G T^(S 2 ,£ n ) ~ C°°(S' 2 )l n l +1 p( n ). An explicit computation from (|2~TTj) and (|2~2Tj) gives: 

L z (lo + ) = d> + G £^; 

(2.50) ^ z (w_) = -iui- => w_ G 

so that for any n G Z the set of /9(„)(U(l))-equivariant horizontal 1-forms of the Hopf bundle is 

(2.51) £« = {0 = 0'a>_ + : 0' G £i°2 2 and 0" G £^ a }. 

For n = one also recovers from (|2.3p the equivalence £q ~ fi 1 (S* 2 ) , so to have the C°°(5 2 )-bimodule 



identification sffl ~ r2 1 (5 2 ) <g) C co/ S 2) fin . For r = 1 the isomorphism in (|2.45[) can be written as: 



r«(SV n )^fi 1 (S 2 )H+ 1 -pW O £W^^(^ 2 )® CO o (52) £(°), 



(2.52) 



Given any G fil^, set (cr| = G fi 1 ^ 2 )!"^ 1 , so to have (crj = (crj p( n >. To write the inverse 

mapping, consider (crj G £l 1 (S' 2 )' n ' +1 p'-"- ) with components (crj G SI 1 (S* 2 ) in the bra-vector notation, 
satisfying (a\^ pffl — (<r\ v . Define <j> = ^cr, *]K n )^: it is then straightforward to recover that cf> G and 
that (er| = (*( n ) . 

The same path can be followed to analyse the higher order forms. One has L 2 (J)_ A w+) = 0, so the 
C°°(S' 2 )-bimodule of horizontal p(„) (U(l))-equivariant 2-forms of the Hopf bundle is given by 

(2.53) £l 2 > = {0 = A £ + : 0"' G 4°)} ~ fi 2 (5 2 ) ® c « (sa) 4° } 

for any n G Z. It is clear that for r — 2 the isomorphism in (|2.45|) can be written as: 

r( 2 >(S 2 ,£„)~tt 2 (S 2 )H +1 -p(") o £i 2 )~r» 2 (5 2 )® C oo (s2) £(o), 



(2.54) 



The most natural choice of a connection, compatible with the local trivialisation, is given via the 
definition, as a C-valued connection 1-form, of 



(2.55) 



us = —uj z = (u*du + v*dv). 



It globally - i.e. trivialisation independent - selects the horizontal part of the tangent space as the left 
C°°(5' 3 )-modulc H^~>{S 3 ) C X(5 3 ) = {L ± } since u(L±) = 0. On the basis of left invariant vector fields 
the horizontal projection acts as L± = L±, = 0. 

2.4. A Laplacian operator on the base manifold S 2 . The canonical isomorphism expressed in 
(|2.3|) allows to recover the exterior algebra ft(S 2 ) on the basis of the Hopf bundle as the set of horizontal 
forms in f^S* 3 ) which are also invariant for the right principal action of the gauge group U(l). Recalling 
the definition of the C 00 (S' 2 )-bimodules of p( n )(Z7(l))-equivariant forms given in (|2.51[) and (|2.53[) . it is 
possible to identify 

n°(,s 2 ) = c oo (5 2 )~4 0) ; 

n\s 2 ) ~ fiW = {4> = tf>'u- + <f>"^+ ■ <t>' e sP\, 0" e 4 0) }; 

(2.56) n 2 (S 2 ) ~ £< 2) = {/£_ Aui + : / e £< 0) = C°°(S 2 )}, 

where all such identifications are C°°(S 2 )-bimodule isomorphisms. 

On the basis manifold S 2 ~ SU(2)/U(1) — n(SU(2)), whose trivialisation is given in (|2.40[l . consider 
the metric 

(2.57) g = 2a (cD_ ® £>+ + d> + ® cD_ ) 

and its associated volume 9 = aCo x /\ uj v = 2icxQ- A cD+ = i_L z # in terms of the volume on the group 
manifold S 3 . The corresponding Hodge duality is the C°°(S 2 )-liiiear map * : Q k (S 2 ) —> Q 2 ~ k (S 2 ) given 
by: 

(9 MS) = 1, - 9, 

with 0' 6 £^°2 an d 0" € £2 • The Laplacian operator on 5 2 can be now evaluated: 

(2.59) □ < ?2 /=*d*d/=-^(L +J L_+L_L + )/. 

2a 

It corresponds to the action of the Laplacian Og3 (|2 . 28[) on the subalgebra algebra C°°(S 2 ) C C°°(S 3 ). 

Remark 2.1. Given the Hodge duality (12.58[) . the expression (|2.3ip defines a bilinear symmetric tensor 
(, ) s2 : n fc (5 2 ) x n fe (5 2 ) -> C°°(S 2 ) (with k = 0,1,2): 

(2.60) (^C')sf $ = £ A (★£'), 
/or any £ f2 fe (S' 2 ). Its non zero terms are given by: 

(1,1)^ = 1; 

{</>'&-,<!>"&+) S2 = {(P"u>+,<i>'Lj-) S2 = (p'<f>"/2a; 

(2.61) (0,0)^=1: 

sitc/i a tensor coincides with the restriction to the exterior algebra fl(S 2 ) of the analogue tensor ( , ) fi . 3 . 
T7ie expression 

(2.62) <£,r>s=0=c a(*6, 

izrai/i again € (5* 2 ) , defines a bilinear map on fl(S 2 ), which coincides with the restriction of the 
bilinear map ( , )g 3 to Q(S 2 ): 

(1,1)^ = 1; 

(2.63) (M)ga = 1 = (2iaa)_ AcD+,2iacD_ AcD + )g 3 
/or any G £^ and 0", ip" € 4° } . 
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Remark 2.2. Introducing from the volume form 9 an integral jz : Q 2 (S 2 ) i— > C with the normalisation 
Js 6 = 1, the bilinear maps in (|2.60D and (|2.62p give on the exterior algebra Q(S 2 ) a symmetric scalar 
product and a hermitian inner product, setting: 

(2-64) m')s>= /£A(0, 

Je 

(2.65) m'Ts>=le^H)- 

Je 

It is clear that they coincide with the restrictions to Q(S 2 ) of respectively (|2.34[) and (|2.35[) . 

3. The quantum principal Hopf bundle 

This section describes a quantum formulation of a Hopf bundle. It starts with a description of the 
algebraic approach to the theory of differential calculi on Hopf algebras coming from [38] 12 1 j and then 
algebraically presents the geometric structures of a principal bundle. 

3.1. Algebraic approach to the theory of differential calculi on Hopf algebras. The first 
order differential forms on the smooth group manifold SU (2) ~ S 3 have been presented as elements in 
the space X*(S 3 ), or more properly as sections of the cotangent bundle T*(S 3 ). The set fi 1 (5' 3 ) ~ %*(S 3 ) 
of 1-forms is a bimodule over C°°(S 3 ), with the exterior derivative d satisfying the basic Leibniz rule 
d(//') = (d/)/' + /d/' for any /, /' £ C°°(5 3 ). Moreover, being S 3 a compact manifold, any differential 
form 9 £ ^(S 3 ) is necessarily of the form 9 = fk.df' k (with k £ N). 

In an algebraic setting, these properties are a definition. Given a C-algebra with a unit A and fi a 
bimodule over A with a linear map d : A — > f2, (O, d) is defined a first order differential calculus over A 
if d(ff') — [df)f + fdf for any /, /' G A and if any element 9 £ 57 can be written as 9 — J^k fkdfj, 
with f k ,f' k £ A. 

For a C-algebra with unit A, any first order differential calculus (fi 1 (^l),d) on A can be obtained 
from the universal calculus (fl 1 (A) un , S). The space of universal 1-forms is the submodule of A <8> A 
given by Q 1 (A) U n = ker(m : A <S> A — > A), with m(a ®b)=ab the multiplication map. The universal 
differential S : A — > Vt 1 (A) U n is Sa = 1 (g) a — a ® 1. If Af is any sub-bimodule of Vt L (A) un with projection 
71-jv : fl 1 (A) un — > ^(A) = tt 1 (A)un/N, then (n 1 (^4), d), with d := o 5, is a first order differential 
calculus over A and any such a calculus can be obtained in this way. The projection ir^/ ■ fl 1 (A) U n 
S7 1 (^4) is ^{J2i a i ® hi) = J2i a idbi with associated subbimodule A/" = ker7r. 

The concept of action of a group on a manifold is algebraically dualised via the notion of coaction 
of a Hopf algebra H on an algebra A: if the algebra A is covariant for the coaction of a quantum 
group % — ("H, A,e, S 1 ), one has a notion of covariant calculi on A as well, thus translating the idea of 
invariance of the differential calculus on a manifold for the action of a group. Then, let A be a (right, 
say) H-comodule algebra, with a right coaction Ar : A — i> A <S> H which is also an algebra map. In 
order to state the covariance of the calculus (^(A), d) one needs to extend the coaction of H. A map 
A^p : 57 1 (yl) — > 1 (yl) <g) H is defined by the requirement 

A^(d/) = (d®id)A fl (/) 

and bimodule structure governed by 

A«(/d/') = A fl (/)AW(d/0, 

A«((d/)/') = A«(d/)A ii (/'). 
The calculus is said to be right covariant if it happens that 

(id®A)A( ? 1) = (AW®id)A< ? 1) 

and 

(id®£)A^ = 1. 

A calculus is right covariant if and only if for the corresponding bimodule Af it is verified that A^t' (Af) C 

Af ® %, where A^J is defined on Af by formulae as above with the universal derivation 5 replacing the 
derivation d: 

(3.1) A«(£/) = (<5®id)A fl (/). 
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Differential calculi on a quantum group % = (H,A,e,S) were studied in |38j . As a quantum group 
consider a Hopf ^-algebra with an invertible antipode: the coproduct A : H — > H <g> H defines both a 
right and a left coaction of H on itself: 

A^(dh) = (d<g>l)A(/i), 

(3.2) A^(dfc) = (1 ® d)A(/i). 

Right and left covariant calculi on 'H will be defined as before. Right covariance of the calculus implies 
that Q}{Tl) has a module basis {?y a } of right invariant 1-forms, that is 1-forms for which 

A^ 1) (7 ?a ) = 7 7o (g)l I 

and left covariance of a calculus similarly implies that fi 1 ('H) has a module basis {w a } of left invariant 
1-forms, that is 1-forms for which A^ (u> a ) = 1 ® u a . In addition one has the notion of a bicovariant 
calculus, namely a both left and right covariant calculus, satisfying the compatibility condition: 

(idsAj?) o a£ } = (A[ 1] <g> id) o A^ 1} . 

Given the bijection 

(3.3) r :n®H^H®n, r{h®h') = (h®l)A{h'), 

one proves that r(il 1 (H) un ) = T~L ® kere. Then, if Q c kere is a right ideal of kere, the inverse 
image Nq = r _1 (H ® Q) is a sub-bimodule contained in 51 1 ('H) U „. The differential calculus defined by 
such a bimodule, ^(H) := SI 1 ( - H) lm /A/g, is left-covariant, and any left-covariant differential calculus 
can be obtained in this way. Bicovariant calculi are in one to one correspondence with right ideals 
Q C kcre which are in addition stable under the right adjoint coaction Ad of % onto itself, that is 
Ad(Q) C Q ® H. Explicitly, one has Ad = (id ®m) (r ® id) (S ® A) A, with r the flip operator, or 
Ad(h) — h(2) ® (S'(/i(i))/i(3)) using the Sweedler notation Ah =: /im igi /i/ 2 ) with summation understood, 
and higher numbers for iterated coproducts. 

Given the ^-structure on W, a first order differential calculus (57 1 ('H),d) on H is called a ^-calculus 
if there exists an anti-linear involution * : il 1 ('H) — > 1 ('H) such that (/ii(d/i)/i2)* = h'2(d(h*))hl for 
any h,hi,h 2 G H. A left covariant first order differential calculus is 38j a *-calculus if and only if 
(S(Q))* G <2 for any Qe Q. In such a case the *-structure is also compatibe with the left coaction A^ 

of % on n^ny. A<i\dh*) = (AW(d/i))*. 

The ideal Q also determines the tangent space of the calculus. This is the complex vector space of 
elements {X a } in H' defined by 

Xq := {X G H' : X(l) = 0, X(Q) = 0, VQe Q}, 

whose dimension, which coincides with the dimension of the calculus, is given by dim Xq = dim(ker £%/Q) 
If the vector space Xq is finite dimensional, then [21j its elements X a belong to the dual Hopf algebra 
W° C W '. Given an infinite dimensional Hopf *-algebra H and the set H' of its linear functionals, the 
set %' ® %' is a linear subspace of (W ® obtained via the identification X ® Y G %' ®T-L' with the 
linear functional on "H ® "H determined by (X ® ^)(^i ® ^2) = A(/ii)y(/i2). For any X £ H' consider 
AX as the element in (H ® defined by AI(/ii <g> ft 2 ) = X(hih 2 ). The space C denotes the 
set of linear functionals X £ %' for which AA G H' ® "H', i.e. there exist functionals {1^}, {-^b} € "H' 
- with a,6 = l]...,r;r€ N - such that 

r r 

X(h 1 h 2 ) = Y J Y l (h l )Z l (h 2 ) AA-^y^z,. 

i=l i=l 

Dualising the structure maps from % to via: 

X 1 X 2 (h) = X 1 {h [1) )X 2 {h {2) ), 
e w (X)=X(l), 
(S n >(X))(h)=X(S(h)), 
l n ,(h)=e(h), 

(3.4) X*(h) =X(S(h)*) 

for any A, Ai, A 2 G and h, /ii,/i2 G the dual %" is proved to be the largest Hopf *-subalgebra 
contained in W . The presence of a *-structure on a first order left-covariant differential calculus can 
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be translated into a condition on the quantum tangent space: (il 1 ('H),d) is a left-covariant differential 
calculus if and only if Xq C Xq with H' endowed by the complex structure in (I3.4[) . 
The exterior derivative can be written as: 

(3.5) dh:=Y {X a >h)u a , 

z — ' 'a 

in terms of the canonical left and right "H'-module algebra structure on T-i given by [37J: 

X>h:=h (1) (X(h {2) )), 

(3.6) h<X := X(h (1) )h {2) . 
Left and right actions mutually commute: 

(X 1 > h) < X 2 = X 1 > (h< X 2 ), 
and the *-structures are compatible with both actions: 

X>h* = ((S(X))*>h)*, 

h*<x = (h<(s(x))*y, vi en°, he n. 

Given the two Hopf ^-algebras H = (%, A,s, S) and U — (U , Au , su , Su) , they can be dually paired. 
This duality is expressed by the existence of a bilinear map ( , ):iixH^C such that: 

(A u {U),ht^h 2 ) = {UMh 2 ), 

{U x U 2 ,h) = (Ui®U 3) A(h)), 

(U,l)=e u (U), 

(3.7) (l,h) = e(h) 

for any U a € U{T~L) and hi, G %. The pairing is also required to be compatible with ^-structures: 

(u*,h) - (u,(s(h)y), 

(3.8) (U,h*) = ((S u (U))*,h). 

Such a dual pairing has the property that (Su(U),h) — (U,S(h)). A dual pairing can be defined on 
the generators and then extended to the whole algebras following the relations p.7[) : it is called non 
degenerate if the condition (U, h) = for any h £ H implies U = 0, and if (U, h) = for any U G U 
implies h = 0. 

It comes from this analysis out that via a non degenerate dual pairing between the two Hopf algebras 
% and U , it is possible to regard Wasa Hopf *-subalgebra of H°, and % as a Hopf *-subalgebra of U°, 
after the identifications U(h) = h(U) — (U,h) for any U € U and h E H. A further comparison among 
relations Q3.4p and (I3.7[) shows that % and "H° are dually paired in a natural way, with a pairing which 
is non degenerate if T-L° separates the points in T~L. 

The derivation nature of elements in Xq is expressed by their coproduct, 

A(X a ) = l®X a +Yx b ®f ba , 
with the elements f a b £ W having specific properties [38 : 

A(fab) = fac ® /cfe, 
e(/ab) = <5ab, 

S(fab)fbc — fabS(fbc) = ^ac- 

These elements also control the commutation relation between the basis 1-forms and elements of W: 

u a h = ^ (/ o6 > /i)w 6 , 

* — 'b 

hu) a = J2 b "b((S-\fab))>h) for h £H. 

For a left covariant differential calculus, the elements X a G A"g play the role which is classically played by 
the vectors tangent to a Lie group manifold at the group identity: the first of equations (13.61) transforms 
them into the analogue of left invariant derivations on the Hopf algebra of functions on the group. Their 
dual forms u) a play the role of the left invariant one forms. For a bicovariant differential calculus it is 
possible to define a basis of the bimodule of 1-forms which are right invariant. The right coaction of H 
on i7 1 ('H) defines a matrix: 

(3.9) AjJ ) (w„)=w 6 ® Jba 
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where J a b G W- This matrix is invertible, since S(J a b)Jbc — S ac and J a bS(Jb c ) — b~ac] it satisfies the 
properties A(J a &) = J ac ® </ c b, s{Jab) — dab and can be used to define a set of l-forms: 

(3.10) T] a = LO b S(Jba) r/aJab=U b 

which are right invariant: 

(3.11) Ag 3 (r ?0 ) = r ?0 ®l. 

On the basis of right invariant l-forms, the exterior derivative operator acquires the form: 

(3.12) dh = Va (h<Y a ) 

where Y a = —S^ 1 (X a ) are the analogue of the derivations associated to right invariant vector fields. 
Equation (I2.24j) is then represented, in an algebraic approach to the theory of differential calculi, by 
(|3.5[) and f)3 . 1 2[) . The derivation nature of Y a as well as the commutation relation between the basis of 
right invariant l-forms and elements of % are ruled by the same elements f a b [2j: 

A(Y„) = Y a ® 1 + V S-'ifba) ® Y b 

A — <b 

r\ a h = (h<S~ 2 (f a b))rib, 
hr la = r/b(h< (S~ 1 (fab))- 

3.2. Quantum principal bundles. An algebraic formalisation of the geometric structures of a 
principal bundle has been introduced in [B] and refined in [7j . A slightly different formulation of such a 
structure is in |12L 113] ; an interesting comparison between the two approaches is in [14] . 

Following [6], consider as a total space an algebra V (with multiplication m : V ® V — > V) and as 
structure group a Hopf algebra H. Thus V is a right "H-comodule algebra with coaction A^ : V — > V®%. 
The subalgebra of the right coinvariant elements, B = V u = {p E V : A R p = p ® 1}, is the base space 
of the bundle. At the 'topological level' the principality of the bundle is the requirement of exactness of 
the sequence: 

(3.13) -> V(n\B) un )V -> n 1 ^)^ 4 ^®kere« -> 
with Q 1 {V)un and J7 1 (£>)„„ the universal calculi and the map \ defined by 

(3.14) x-V®V V®U, x~ (m®id)(id®Aij), 

or x{p'®p) — p'Ar(p). The exactness of this sequence is equivalent to the requirement that the analogous 
'canonical map' V^b'P ~^ V®T~i (defined as the formula above) is an isomorphism. This is the definition 
that the inclusion B V be a Hopf-Galois extension [33] . 

Remark 3.1. The surjectivity of the map x appears as the dual translation of the classical condition that 
the action of the structure group on the total space of the principal bundle is free. In the classical setting 
described in section^ given the principal bundle (V, K, [A4], it), the condition that the right principal 
action r^ is free can be written as the injectivity of the map: 

PxG -»■ Px M P, (p, k) ^ (p,r fc (p)), 
whose dualisation is the condition of the surjectivity of the map X- 

With differential calculi on both the total algebra V and the structure Hopf algebra H one needs 
compatibility conditions that eventually lead to an exact sequence like in (|3.13[) with the calculi at hand 
replacing the universal ones. Then, let (T 5 ) , d) be a H-covariant differential calculus on V given via 
the subbimodule Af-p £ (SI 1 (V) U n) , and (r2 1 (H),d) a bicovariant differential calculus on % given via the 
Ad- invariant right ideal Qu € kcre%. In order to extend the coaction An of H on V to a coaction of % 
on fi 1 ('P), one requires Ab.{Mv) C Af-p ® H. The coaction A R of % on Afp C V ® V is understood as a 
usual coaction of a Hopf algebra on a tensor product of its comodule algebras, i.e. 

A R = (id® id®-) o (id®r id) o (A R ® A R ). 

The condition A R (Afp) C A/p ® H is equivalent to the condition p. II) . 

The compatibility of the calculi are then the requirements that x(A/p) CP® Q w and that the map 
~A/> : 12 1 (7 7 ) — > "P ® (kcre-H/Q-^), defined by the diagram 

(3.15) I X l^Afv 

V®kcie H 1 ^ H r<E>(kere n /Q n ) 
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(with 7r/v and 7tq w the natural projections) is surjective and has kernel 

(3.16) ker VU}{B)V =: OLr(^)- 

Here i7 1 (S) = BdB is the space of nonuniversal 1-forms on B associated to the bimodule A/"b := Afp Pi 
Q 1 (B) un - These conditions ensure the exactness of the sequence: 

(3.17) -> Vn\B)V -> fli(7>) (kere w /Q«) -> 0. 

The condition xi-^v) Q V ® Qh ls needed to have a well defined map ~jvV : with all conditions for 
a quantum principal bundle (V, 3,71; Af-p, Qh) satisfied, this inclusion implies the equality x(Nv) = 
V ® Qh- Moreover, if (V,B,H) is a quantum principal bundle with the universal calculi, the equality 
x(Afp) —V® Qh ensures that (V, B, H\Afp, Qh) is a quantum principal bundle with the corresponding 
nonuniversal calculi. 

Elements in the quantum tangent space Xq u (H) giving the calculus on the structure quantum group 
T-L act on kere^/ Qh via the pairing (•, •) between W and 7-L. Then, with each £ £ Xq-h{7~L) one defines 
a map 

(3.18) i-M\V)^V, £:=(id®0°(~A/i,) 

and declare a 1-form to £ VI 1 (V) to be horizontal iff £ (to) = 0, for all elements £ £ Xq h (H). The 
collection of horizontal 1-forms is easily seen to coincide with ^^("P) m <|3.16D . 

3.3. A topological quantum Hopf bundle. As a step toward a quantum formulation of the 
classical Hopf bundle ir : S 3 — > S 2 this section will describe, following [24] . a topological U(l)-bundle [6] 
over the standard Podles sphere [30j . with total space the manifold of the quantum group SU q (2). 

3.3.1. The algebras. The coordinate algebra A(SU q (2)) of the quantum group SU g (2) is the *-algebra 
generated by a and c, with relations 



qca ac = qc a cc 

„2. 



c c, 



(3.19) a*a + c*c = aa* + q z cc* = 1. 

The deformation parameter q £ R is taken in the interval < q < 1, since for q > 1 one gets isomorphic 
algebras; at q = 1 one recovers the commutative coordinate algebra on the group manifold SU(2). The 
Hopf algebra structure for ,4(SU 9 (2)) is given by the coproduct: 



A 



a —qc* 




a —qc* 


® 


a —qc* 


c a* 




c a* 




c a 



antipode: 



and counit: 



S 



a 


-qc* 




a* c* 


c 


a* 




—qc a 



a —qc* 




1 


" 


c a* 







1 



The quantum universal envelopping algebra U q (su(2)) is the Hopf *-algebra generated as an algebra 
by four elements K, K~ x , E, F with KK^ 1 = 1 and subject to relations: 

K±E = q ± EK ± , 



K±F = q^FK*, 
q-q 



(3.20) 
The *-structure is 

K* =K, E* = F, F* 
and the Hopf algebra structure is provided by coproduct: 



E, 



antipode: 



S(K) 



A(K^) =K ± ®K ± , 
A(E) =E®K + K- 1 ®E, 
A(F) = F ® K + K~ x <g> F; 

K-\ S(E) = -qE, S(F) 
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and a counit: 

e(K) = 1, e(E) = e(F) = 0. 
From the relations (|3.20[) . the quadratic quantum Casimir element: 



(3.21) 



C a 



qK 2 -2 + q~ 1 K~ 2 
(q-q- 1 ) 2 



FE 



generates the centre of U q (su(2)). The irreducible finite dimensional ^-representations aj of U q (su(2)) 
(see e.g. |25j ) are labelled by nonnegative half-integers J £ (the spin); they are given b}0 

aj(K) \J,m)=q m \J,m) , 

(3.23) aj{E) | J, to) = y/\J - m][J + m + 1] \ J,m + l), 



aj(F) | J, to) = y/[J- m + 1][J + to] \J,m-l) , 

where the vectors | J, m), for m = J, J — 1, . . . , — J + 1, — J, form an orthonormal basis for the (2 J + 1)- 
dimensional, irreducible Z-/,j(su(2))-module Vj, and the brackets denote the (/-number. Moreover, a j is a 
^-representation of U q (su(2)), with respect to the hermitian scalar product on Vj for which the vectors 
| J, to) are orthonormal. In each representation Vj, the Casimir p. 211) is a multiple of the identity with 
constant given by: 



(3.24) 



C^ = [J+lf 



The Hopf algebras U q (su(2)) and ,A(SU 9 (2)) are dually paired. The bilinear mapping < 
,4(SU 9 (2)) M- C compatible with the ^-structures, is set on the generators by: 



U q {m{2))x 



(K,a)=q-V*, {K-\a)=qV\ 



(3.25) 



(K,a* 
(E,c) 



tV2 



(K-\a*)=q 



-1/2 



(F,c* 



with all other couples of generators pairing to 0. Since the deformation parameter q runs in the real 
interval range ]0, 1[, this pairing is proved [21 to be non degenerate. The canonical left and right actions 
of U q {s\x(2)) on ^4(SU 9 (2)) can be recovered by: 



(3.26) 



and: 



(3.27) 



K*- t>a s 
K ± >a* 



■ q^ia s 
= q ± ^a* s 
q^^c s 
= q ± ic* s 



Ft>a s 
F>a* 
F>c s 
Ft>c* 







7 (l-s)/2f 



-,*S — 1 



. ? -(i+ s )/2r s ] ac * s -i 



q 



a s < = q T i a s 
a* s <X ± = q ± ^a* 
c s < = q ± %c s 
c* a <K ± =q^§c*- 



a s <F = g( s " :L )/ 2 [s]ca 5 
a* s < F = 
c s < F = 
c* s <F 



E>a s 
E > a* 
E>c s 
E\>c* 

a s <E = U 
a 



7 (3-s)/2 





(l-s)/2 



0: 



g O-3)/2[ s ] a * c *s-l c *s <E = Q 



■ s <E = -£jr( 3 - a )/ 2 [s]c*a** -1 



Denote A(U(1)) := C[z, z*]/< zz* - 1 >; the map tt : _4(SU 9 (2)) -> A(U(1)), 
(3.28) 



a — gc* 




" z 


c a* 




z* 



is a surjective Hopf *-algebra homomorphism, so that _4(U(1)) becomes a quantum subgroup of SU q (2) 
with a right coaction, 



(3.29) 



A,r :=(id®7r)oA : A{SXJ q (2)) i-> ,4(SU 9 (2)) <8 A(V(1)). 



The '<j-number' is defined as: 

(3.22) 

for <J ^ 1 and any x £ R. 



M = N? 



Q -Q 
Q-Q- 
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The co-invariant elements for this coaction, elements b 6 _4(SU 9 (2)) for which ArQ)) — b <8> 1, form a 
subalgebra of _4(SU g (2)) which is the coordinate algebra -4(S 2 ) of the standard Podles sphere S 2 . From: 

Ai?(a) = a (g) z, 
A R (a*) = a* ®z\ 
Ar(c) = c® z, 

(3.30) A R (c*) = c* ® z* 
as a set of generators for -4(S 2 ) one can choose: 

a 2 

(3.31) B-:=-ac*, B + := qca* , B Q := — - q 2 cc*, 



q 2 



satisfying the relational 



2 4 

B_B a = [\^\B^ + q 2 B a B_ 

l + <r 



B+B = [\ TT B + + q- 2 B B+], 



q 

[ q 2 + l 

B+B_ = q [q- 2 B - (1 + q 2 )' 1 } [q- 2 B + (1 + g" 2 )" 1 ] 
= q [B + (1 + g 2 )- 1 ] [Bo - (1 + g^ 1 ] , 



and ^-structure: 



(B y = B , (B+y = -qB_. 

The sphere S 2 is a quantum homogeneous space of SU g (2) and the coproduct of A(S\] q (2)) restricts to 
a left coaction of A(S\l q (2)) on -4(S 2 ) which on generators reads: 

A(B-) = a 2 (g) B_ - (1 + q~ 2 )B- ® B + c* 2 ® B+, 
A(J3 ) = <?ac<g) B_ + (1 + q~ 2 )B ®B Q - c*a* <g> 
A(B + ) = q 2 c 2 ® B_ + (1 + g~ 2 )B+ <g> B + a* 2 ® S+. 

3.3.2. Tfte associated line bundles. The left action of the group-like element K on A(SU q (2)) allows 
[27] to give a vector basis decomposition ^4(SU g (2)) = ©„ez£n , where 

(3.32) 4°) := {x e A(SV q (2)) : Kox = q n/2 x}. 

In particular -4(S 2 ) = Cq . One also has £^ '* C C^ n and Cffl£m C £^+ m - Each £^ ' is a bimodule 
over .4(S 2 ); relations (|3.30p show that they can be equivalently characterised by the coaction Ar of the 
quantum subgroup A(U(1)) on A(S\J q (2)): 

(3.33) 4 0) = {x G ./t(SU g (2)) : A fl (ar) = z ® «-"}. 

This equation appears as the natural quantum analogue of the classical relation (|2.44[) . introducing 
Cn ^ C ^4(SUq(2)) as *4(S 2 )-bimodule of co-equivariant elements with respect to the coaction (I3.29j) of 
the gauge group algebra. The relation Q3.32p can then be read as an infinitesimal version of that in 
(|3.33p . The classical £„ are recovered as rank 1 projective left C°°{S 2 )-modules: the analogue property 
in the quantum setting was shown in [31] . Each cffl is isomorphic to a projective left ^4(S 2 )-module 
of rank 1. These projective left .A(S 2 )-modules give modules of equivariant maps or of sections of line 
bundles over the quantum sphere S 2 with winding numbers (monopole charge) —n. The corresponding 
projections [8l II Tj can be explicitly written. Given n G Z, consider an element |\t( n )^ G >4(SU 9 (2))I™I +1 
whose components are: 



n > 



(3.34) where: /3„, = 1; /8 n , M = JJ 



2mTT m-x f i- g -*("-') 



i=0 V 1 - q-2U+i) 



I should like to thank T.Brzezinski, who noticed that the commutation relations among the generators Bj of the 
algebra A(Sg) written in 1241 are not correct. 
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(3.35) 



n < : 
where 



|n|— a*— 1 / 1 — g 2 d n l - j) 



Otnfi = 1; 



n 



J'=0 



1 - g2(j+l) 



, M = 1, 



Using the commutation relations (|3.19p and the explicit form of the coefficients in p.34j) and (I3.35[) . it 
is possible to compute that: 

n > : = ^"_ o A, M a n -VcV = {aa* + q 2 cc*) n = 1, 

(3.36) n < : (* (n) , *< n >) = ^'"^ o» l|t a^c* 1 "'-"^'-"^ = (a*a + c*e) |n| = 1 

so that a projector p( n > € M|„i +1 (^4(S' 2 )) can be defined as: 



(3.37) 



,(«) 



which is by construction an idempotent - (p*-™* 1 ) 2 = p^"- 1 - and selfadjoint operator - (p*-™* 1 )^ = p^ 1 * 1 - whose 
entries are: 



(3.38) 



> : p^ } - ^ZA^c^a^a^c" € .4(S 2 ), 

€ .4(S 2 ). 



n < : 



The projections (13.371) play a central role in the description of the quantum Hopf bundle. As a 
first application one can prove that the algebra inclusion -4(S 2 ) <-» _4(SU g (2)) satisfies the topological 
requirements for a quantum principal bundle, when both the algebras are equipped with the universal 
calculus. 

Proposition 3.2. The datum (A(SU q (2)), „4(S 2 ), ,4(U(1))) is a quantum principal bundle. 

Proof. The proof consists of showing the exactness of the sequence 

->■ A(SV q (2))(n\S 2 q ) un )A(SV q (2)) -► fii(SU 9 (2)) t ,„ A(SU q {2)) ® kere u(1) -► 

or equivalently that the map x '■ ^ 1 (SU 9 (2)) U „ — > _4(SU g (2))<g>ker £tj(i) defined as in (|3.14[> - and with the 
^4(U(l))-coaction on .4(SU g (2)) given in (|3.29|> - is surjective. Given an element x G 4 C _4(SU g (2)), 
from Q3.33[) the map x ac ts as: 

(3.39) x(<fa) =x{ l ®x- x ® l ) = x® ( z ~ n - !)• 

A generic element in ^4(SU g (2)) ® kereu(i) is of the form x ® (z™ — 1) with n £ Z and x e „4(SU g (2)). 
To show surjectivity of x the strategy is to show that 1 ® (z n — 1) is in its image since left ,A(SU 9 (2))- 
linearity of x wm gi ye the general result: if 7 e Q 1 (S\J q (2)) un is such that x(t) = 1 <8> (2" — 1), then 
x(xi) = x (1 ® (z n — 1)) = a; ® (z n — 1). Fixed now n £ Z, define an clement 7 in _4(SU g (2)) as 
7 = ($(-"■), ^(- n )) following d3JH) and (j3~35|) . Since |*(" n )) e one computes that: 

x ( 7 ) = 1 ® (*" - 1), 

thus completing the proof. □ 

Next, it is possible to identify the spaces of equivariant maps 4°^ _ or equivalently of coequivariant 
elements 4 0) - with the left _4(S 2 )-modules of sections £ { ® ] = („4(S 2 )) |n|+1 p (,i) . For this write any 
element in the free module (v4(S 2 ))l™' +1 as (/| = (/ , /1, . . . , /|„|) with e -4(S 2 ). This allows to write 
equivariant maps as 

^:=(/ 1 t (B) )=E^ / /1 V^cV B -'' for n>0, 

=^'t w^ cH ~ v for 

making it straightforward to establish the proposition, which generalises to the quantum setting the 
equivalence (I2.49[) : 
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Proposition 3.3. Given n E Z, let := (A(S 2 q )) ln \ +1 p (n) . There is a left A(S 2 q ) -modules isomor- 
phism: 

4 0) 4°), ^^(^^^(^^(/ipw, 

wzi/i inverse 

4 0) 4°), = ^ 4> f ■■= • 

3.3.3. A Peter-Weyl decomposition of A(S\J q (2)) . The aim of this section is to describe the known 
decomposition of the modules 4 into representation spaces under the action of U q (su(2)) |21) . From 
(I3.32p one has a vector space decomposition _4(SU ? (2)) = © n gz4 j with 

(3.40) ^4°)c4°| 2 , f>4°)c4°2 2 . 

On the other hand, commutativity of the left and right actions of U q (su(2)) yields that 

cW<hcC$\ V/ieW,(su(2)). 
It has already been shown in 13 lj that there is also a decomposition, 

(3.41) 4°):= Vj n \ 



In I In I In I 
J =2< 2 +LV+2. 



with Vj the spin J-representation space (for the right action) of U q (s\x(2)). Altogether it gives a 
Peter-Weyl decomposition for _4(SUq(2)) (already given in |37j). 

More explicitly, the highest weight vector for each vj n) in (|3llj) is c ^-™/ 2 a * J+ ™ /2 : 

K>{c J ' n ^a* J+n ^) = q n ' 2 {c J - n ' 2 a* J+n ' 2 ) 1 
( c J-n/2 a *J+n/2j <K = q J ^J-n/2 a *J+n/2^ 

(3.42) (c J - n/2 a* J+n/2 )<iF = 0. 

Analogously, the lowest weight vector for each Vj in (13.41)) is a J - n / 2 c * J + n / 2 : 

K>{a J -^ 2 c* J+n ^ 2 ) = q n ' 2 {a J - n ' 2 c* J+n ' 2 ) 1 

( a J~n/2 c *J+n/2 )<K = g - J+n/2^ 

{a J - n ' 2 c* J+n ' 2 )<iE = 0. 

The elements of the vector spaces Vj can be obtained by acting on the highest weight vectors with the 
lowering operator <E, since clearly (c J ~ n / 2 a* J+n / 2 ) g 4°\ or explicitly, 



' fj-n/2 a *J+n/2\ <£ j = q n/2 <E 

To be definite, consider n > 0. The first admissible J is J = n/2; the highest weight element is a*" and 
^ is spanned by {a*"«£'} with i = 0, . . . , n+ 1: 



the vector space V*j\ is spanned by {a* n <E 1 } with i = 0, . . . , n+ 1: = span{a*™, c*a* n_1 , . . . , c*™}. 
Keeping n fixed, the other admissible values of J are J = s + n/2 with s € N. The vector spaces Vj™ , 2 
are spanned by {c s a* s+n <E } with I = 0, . . . , 2s + n+ 1. Analogous considerations are valid when n < 0. 
In this cases, the admissible values of J are J = s + \n\ /2 = s — n/2, the highest weight vector in 

(n) _ 

%-n/2 * s ^ ne e l emen t c s ™a* s , and a basis is given by the action of the lowering operator <E, that is 
V l-l/2 = sp&n{(c s - n a* s ) <E l , I = 0, . . . , 2s - n + 1}. 



highest weight vector in VpJ 2 an d one has that Ft>a* p oc ca* p ~ 1 . The element ca* p_1 is the highest weight 

vector in v£? 2 since one finds that (ca* p ^ 1 )<F — and (ca* p ^ 1 )<\K — q p / 2 (ca* p ~ 1 ). In the same vein, 

are the highest weight elements in V^ 2 ^ C 4_ 2 t, t = 0, . . . ,p. Once 

again, a complete basis of each subspace V^J 2 2t ^ is obtained by the right action of the lowering operator 
<E. 

With these considerations, the algebra A(S\J q (2)) can be partitioned into finite dimensional blocks 
which are the analogues of the Wigner D-functions |36j for the group SU(2). To illustrate the meaning 
of this partition, start with the element a*, the highest weight vector of the space V-jfy- Representing 



the left action of F> with a horizontal arrow and the right action of <E with a vertical one, yields the 
box 

a* -> c 
\. \. , 

— gc* — > a 

where the first column is a basis of the subspace > while the second column is a basis of the subspace 
^1/2 ■ Starting from a* 2 - the highest weight vector of - one gets: 



a* 2 -> g-Vaplco* -> [2] c 2 

■r ▼* ▼* 

-gVapjjcV _> [2](aa*-cc*) -> [2]V /S ca 

g 2 [2]c* 2 -> -gVspfac* -> [2] 2 a 2 



The three columns of this box are bases for the subspaces Vy , V± ,Vi , respectively. The recursive 
structure is clear. For a positive integer p, one has a box W p made up of (p + 1) x (p + 1) elements. 
Without explicitly computing the coefficients, one gets: 



a*P 


-> 








I 




1 






c * a *P-l 


— > 








X 




4. 




1 


I 


-> 


— ► . 

4. 


. -> ... -► . 

| 


1 


c *s a *p-s 


— >• 




. -> ... -> . 




I 




1 


| 


1 




-> 




. -> ... -> . 




I 




; 


| 


1 


c *p 


-> 


ac*^ 1 -> . 
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The space Wp is the direct sum of representation spaces for the right action of U q (su(2)), 

W — ffi p v^ 2 ^ 

vv p — ^t=0 V p/2 

and on each W p the quantum Casimir C q acts is the same manner from both the right and the left, 
with eigenvalue (|3. 241) . that is C q >w p = w p <iC q = (i 2 ^-} 2 - |) w p , for all w p € W p . The Peter- Weyl 
decomposition for the algebra _4(SU g (2)) is given as 

A(SU q (2)) = ® P enW p = ® peN (©Lo^p/2~ 2t) ) • 
A compatible basis with this decomposition is given by elements 

(3.43) w p:t , r := F t >a* p <E r £ W p 

for t, r = 0, 1 . . . ,p. In order to get elements in the Podles sphere subalgebra -4(S 2 ) ~ £^ out of a 
highest weight vector a* p we need p = 21 to be even and left action of F l : F l t>a* 21 cx c l a* 1 G -4(S 2 ). 
Then, the right action of E yields a spherical harmonic decomposition, 

(3.44) „4(S 2 ) = © ieN v/ 0) , 

with a basis of Vj given by the vectors F l >a* 2l <iE r , for r = 0, 1, . . . , 21. 

3.4. A quantum Hopf bundle with non-universal differential calculi. Once described how 
the inclusion -4(S 2 ) <^-» _4(SU 9 (2)) has the structure of a topological quantum principal bundle, the aim 
of this section is to describe non-universal differential calculi on the algebras ^4(SU q (2)), -4(S 2 ), _4.(U(1)), 
and to show that these are compatible [6j \7\ . 
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3.4.1. The left-covariant 3D calculus on SU q (2). The first differential calculus defined on the quan- 
tum group SU g (2) is the left-covariant one developed in |37] , It is three dimensional with corresponding 
ideal Qsu g (2) C kere S u„(2) generated by the 6 elements {a* +q 2 a — (1 + q 2 ); c 2 ; c*c; c* 2 ; (a — l)c; (a — l)c*}. 
Its quantum tangent space turns out to be, in terms of the non degenerate pairing (|3.25p . the vector 
space over the complex Xsu g (2) C U q (su(z)), whose basis is 

X_ = q- 1/2 FK, 
X+ = q 1 / 2 EK, 
1 - K 4 

(3-45) X z = -; 

1 — q z 



their coproducts result: 



AX Z = 1®X Z +X Z ®K' 1 , 
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(3.46) AX ± = 1®X ± +X±®K 
The differential d : ^4(SU,(2)) ->■ 1 (SU I? (2)) is 

(3.47) da; = (X + t> x) uj + + (X_ > a:) w_ + > a;) uj z , 

for all x g _4(SU g (2)). This equation gives a basis for the dual space of 1-forms fi 1 (^4(SU q (2))), 

uj z = a*da + c*dc, 
w_ = c*da* — ga*dc*, 

(3.48) uj + = adc — qc&a, 

of left-covariant forms, that is A^\uj s ) = 1 Cg) a; s , with the (left) coaction of „4(SU g (2)) onto itself 
extended to forms (|3.2[) . The above relations (|3.48p can be inverted to 

da = —qc*uj + + au 2 , 
da* = —q 2 a*u) z + cw_, 
dc = a*cj + + ccj z , 

(3.49) dc* = —q 2 c*uj z — g — acj_. 

A direct computation shows that (<S'(Qsu (2)))* C Qsu (2)- This differential calculus is then a *-calculus, 
with ui*_ = —u)+ and ui* = —u) z . The bimodule structure is: 

ui z (j> = q 2n (/)UJ Zl 

(3.50) u ± <j) = q n <j>u± 

for any <f> £ Cn ■ Higher dimensional forms can be defined in a natural way by requiring compat- 
ibility for commutation relations and that d 2 = 0. Consider the tensor product {f2(SU g (2))}® 2 = 
fi 1 (SU g (2)) <8>.4(su (2)) ^ 1 (SU 9 (2)). A consistent alternation mapping on {Q(SXJ q (2))}® 2 , generalising 
the alternation mapping in the classical formalism, can be introduced only if the quantum differential 
calculus is bicovariant. The strategy to define a wedge product comes then from Lemma 15 in chapter 
14 in |21j . where it is proved that 5q SU(j(2) (x) — J2 a b {^a^bi x ) w a ® for any x <E Qsu,(2) generates a 
two-sided ideal in {f2(SU 9 (2))}® 2 . The bimodule of exterior differential 2-forms results to be the quotient 

(3.51) ft 2 (SU g (2)) ~ {r» 1 (SU 9 (2))}® 2 M(SU 9 (2)){5 Q M(SU 9 (2)). 

The wedge product A : r2 1 (SU 9 (2)) x fi 1 (SU g (2)) -» f2 2 (SU g (2)) embodies the commutation relations 
among 1-forms: from the six generators in Qsu, (2) t ne elements generating Sq can be written as 

uj + A lo + = ui- A uj- = lo z A ui z = 0, 
w_ A uj + + q~ 2 u + A u>- = 0, 
uj z A w_ + g 4 u;_ A ui z = 0, 

(3.52) uj z A uj + + q~ A LU + A uj z = 0. 
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Such commutation rules also show that the bimodule i7 2 (SU 9 (2)) is 3 dimensional, the three basis 2-forms 
being exact, since one has 



doj z = —uj- A lu + , 
doj + = q 2 (l + q 2 )ui z A u + , 
(3.53) dw_ = —(1 + q~ 2 )ui z A 

the commutation relations moreover clarify that this left covariant calculus has a unique top form o;_ A 
lu + A lu z . The ^-structure is extended to VL m+n by (a A (3)* = {-l) mn (3* A a* with a € f2 m and j3 G ft". 
This definition is compatible with (|3.52l) . 

The left covariance of the differential calculus allows to extend to higher order forms in a natural 
way the left coaction A^ of _A(SU g (2)) on fi 1 (SU 9 (2)). An element r) G {^ 1 (SU 9 (2))}® fc can always be 
written as ry = x ai ... o* w ai ® . • . ® w afc in terms of the left invariant forms in (|3.48[) . Define 

A^(?7) = X ai ... afc (i) <g> X ai ... afc(2 )W ai ® ... ® W 0fc , 

from the Sweedler notation for the coproduct A(a: ai ... afc ). One proves that this definition is consistent 
on the exterior algebra Cl k (SXJ q (2)) , as A^ 2) (5 Q ) C 1®5 Q , and that A^ fc) (dr?) = (l(g)d)A^ 1) (r?) for any 
77 G ft fc (SU 9 (2)) with fc = 1,2,3. The relations (13331 show then that D, 2 (SV q {2)) has a basis of exact 
left invariant forms, given by da>j; it is also clear that cj_ A cj + A uj z is a left-invariant 3- form. 

3.4.2. The calculus on the structure group. The strategy adopted in [6] consists in defining the 
calculus on U(l) via the Hopf projection n in f|3.28|) . Out of the Qsu„(2) which determines the left 
covariant calculus on SU g (2), one defines a right ideal Qu(i) = ''"(Ssu (2)) C ker £tj(i) f° r the calculus 
on U(l). 

This specific Qu(i) results generated by the element £ = — 1) + q 2 (z — 1), and the differential 
calculus is then characterised by the quotient ker £u(i)/Qu(i). Any term in kerey^) can be written as 
ip = u(z — 1) = J2jez UjZ J (z — 1), with u — Yljez u i 7 ^ .4(11(1)) and Uj G C, so that the elements 
cp(j) = zi{z — 1) define a vector space basis over C of kerexjm. The basis elements tp(j) can be written 
in terms of the element £, via the two identities: 



3 > 0, <p(j) =^"l)=qE q- 2 ™ z i- m+1 + q- 2 Hz - 1), 

\m=l J 

(3.54) j<0, <p{j)=z-\i\z-l) = -A q 2m z 1+m - l A+q m (z-V, 



which can be proved by induction on j. Define a map A : kereu(i) - > ker£u(i) setting on the basis 
elements \(<p(j)) = q~ 2 i{z — 1), and linearly extending it to: 

(3.55) A : u(z - 1) = ^ u jZ ] {z - 1) i-> ^ Uj q- 2j '(z - 1). 

J'G Z jG Z 

It is clear that A describes the choice of a representative element out of the equivalence class [u(z — 1)] <G 
kereu(i)/Qu(i)j since it is possible to see that ker A = Qu(i)- To prove this assertion, one first directly 
computes that A(£) = 0, then since A is linear one recovers that A(u£) = X(u(q 2 (z — 1) + (z _1 — 1))) = 
q 2 X(u(z — 1)) + A(?i(z _1 — 1)), so to have: 

A«) = q 2 X(u(z - 1)) + A fcp Ujz^z- 1 - 1) 
= q 2 X(u(z - 1)) + A I - u i zi ~ l { z ~ l ) 

(3.56) = q 2 I Y, u ]q - 2 ^z - 1) I - E «i?~ 2(i_1) (* - 1) = 0, 

yez / jez 
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thus proving that Qu(i) C ker A. To prove the inverse inclusion, consider an element u — u(z — 1) £ 
ker£u(i), and write it as: 

u(z — 1) = Ujzi (z — 1) 

= E u J z3 ( z - X ) + E U- jZ - j (z - 1) 

= J2^HM + q- 2j (z-l)) + u-M-j){ + q 2 Hz-l)) 

(3.57) 

where a(j) — Y^L,=i q 2m z^ m+1 and j3(—j) = Y^)m=o q 2m z 1+m ~^ are the terms proportional to £ in 
(|3.54[) for positive and negative values of j £ Z. The previous sum can be rewritten as: 

< z ~ !) = q E tt i°(j) + E + E %<T 2j > - 1). 

From the definition (|3.55[) . it is \{u) = 0f> Sjez u j<?~ 2 "' = 0, so the last lines proves that ker A C Su(i)- 

Lemma 3.4. Given the ideal Qu(i) C kereu(i) generated by the element £ = — 1) + q 2 (z — 1), it is 
kereu(i)/Qu(i) - C. 

PROOF. Define a map A : kereu^) — » C setting, on the basis elements (^(j) <G kereu(i), X(ip(jj) = 
q~ 2 3 and extending it to ker£u(i) by linearity. The properties of the map A defined in f|3 . 55[) clarify 
that ker A = <2u(i): so to give a well defined map A : ker £u(i)/2u(i) ~ ^ C. It is immediate to see 
that A is an isomorphism of vector spaces, thus describing the equivalence: with w £ C, the map 
\^ 1 (w) — w £ [w(z — 1)] C ker£u(i) represents the inverse of the map A. □ 

This result shows that the differential calculus generated by the specific Su(i) is ID, while a direct 
computation shows that it is bicovariant. As a basis element for its quantum tangent space one can 
consider 

1- K 4 

(3.58) X = X z = -, 

1 — q 1 

with dual left-invariant 1-form given by uj z . This calculus turns out to have a *-structure, with w* = — lj z . 
Explicitly, one has uj z = z*dz with 

dz = zui z , 

d# 2 * 

z = —q z uj z ] 

and noncommutative _4(U(l))-bimodule relations 

zdz = q 2 (dz)z; 
uj z z = q~ 2 zui z , 

* 2 * 

w z z = q z oj z . 

3.4.3. The standard 2D calculus on S 2 . The restriction of the above 3D calculus to the sphere S 2 
yields the unique left covariant 2-dimensional calculus on the latter |26) . An evolution of this approach 
has led |32) to a description of the unique 2D calculus of S 2 . in term of a Dirac operator. The 'cotangent 

bundle' il 1 (S^) is shown to be isomorphic to the direct sum ® £2 > that is the line bundles with 
winding number ±2. Since the element K acts as the identity on „4(S^), the differential (I3.47[) becomes, 
when restricted to the latter, 

d/ = (X_>j>_ + (X+>/) W+ 

= (F t> /) (<T 1/2 ^-) + (E>f) (q 1/2 u + ), for / £ A(S 2 q ). 
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These leads to break the exterior derivative into a holomorphic and an anti-holomorphic part, d = d + d, 
with: 

8f=(X->f)w- = (F>f) {q- 1/2 u-), 

df = (X + »f)u 1+ = (E>f)(q 1 / 2 u> + ), for / G A(S 2 q ). 

An explicit computation on the generators (I3.31|) of yields: 

BB_ = <7 _1 a 2 ui-, dBo = qcauj-, BB + = qc 2 id-, 

dB + = q 2 a* 2 uj + , dB = -q 2 c*a* uj + , dB- = q 2 c* 2 uj + . 

The above shows that: fi 1 ^) = 0>_{S 2 q ) © fl$.(S*) where nl(S 2 q ) ~ C ( °l ~ 9(A(S^)) is the -4(S^)- 
bimodule generated by: 

{BB_,BB , BB + } = {a 2 ,ca, c 2 } ui- = q 2 uj-{a 2 , ca, c } 

and fi*. (S 2 q ) ~ £<g ~ d(.A(S*)) is the one generated by: 

{dB+,dB ,dB-} = {a* 2 ,c*a*,c* 2 }u+ = q- 2 u + {a* 2 ,c*a* ,c* 2 }. 

That these two modules of forms are not free is also expressed by the existence of relations among the 
differential: 

dB a = q- 1 B_dB+ - q 3 B + dB-, BB a = qB + dB_ - q- 3 B_dB + . 
Writing any 1-form as a = </>'oj_ + 4>"ui + G C^lu^ © L^\uj+, the product of 1-forms is 

(3.59) 0'u>_ + <?(>"w + ) A (V>'o;_ + = (<T W - 0W+ A w_, 
while the exterior derivative acts as: 

d(<£'w_ + tf'u)+) = (d^) A w_ + 0'dw_ + (d</>") A u + + 0"dw+ 

= (X + ><//)u; + Aw_+ {(X z [>(//)u; 2 Aw_+ <//dw_} 

+ (X_>0")w- A w+ + {(,X>0")w* A w+ + 0"dw+} 

(3.60) = {{X^cj}") - q 2 (X + >(j)')}uj^ A uj+, 

since the terms in curly brackets vanish: {{X z xf>')w z A ui_ + cp'duj-} = {(X z txf>")uj z A ui + + (f>"du) + } = 
from (I3.53[) and (13.32ft . It is then clear that the calculus on the quantum sphere is 2D, and that 
^ 2 (Sg) = A(S 2 )ui- A uj + = uj- A u + A(S q ), as both u>± commute with elements of A(S 2 ) and so does 
o;_ A lu + . 

Remark 3.5. From (|3.53l) it is natural to ask that du>- = dcu + = when restricted to S 2 . Then, the 
exterior derivative of any 1-form a = tfi'u>- + 4>"uj+ G C^\oj- C^Iuj + is given by: 

da = d(0'u;_ + <f>"uj + ) 
= d(j)' A uj- + Bcf>" A lu+ 
= {X + >4> - q- 2 X-ixt>") uj+ A u)- 

(3.61) = q- 1/2 (E>(j)' - f^/V+Aoi-, 

since Kt> acts as q^ on C^\. Notice that in the above equality, both E><f>' and F><f>" belong to A(S 2 ), as 
it should be. 

The above results can be summarised in the following proposition, which is the natural generalisation 
of the description in (|2.56l) of the classical exterior algebra on the sphere manifold S 2 . 

Proposition 3.6. The 2D differential calculus on the sphere S 2 is given by: 
fl(S 2 q ) = A(S 2 q ) © UPlu- 8£$w+) © A(S 2 )u:+ A 

with multiplication rule 

(/o; <jf, 0"; h) (go; *!>', 92) = (/0S0; M' + <t>'go, M" + tf'go; /032 + / 2 <?o + ?~VV - 0V) . 
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and exterior derivative d = d + d: 

f I ^ (q- 1 / 2 F>f,q 1 / 2 E>f), for/ g _ 4(S 2 )) 



tf, 0") ^ g- 1 / 2 !^' - erW), for (^', 0") e £ m 2 © 

3.4.4. XTie compatibility conditions between the calculi. Given the 3D left-covariant differential cal- 
culus on SU g (2) described in section 13.4.11 as well the ID bicovariant differential calculus on the gauge 
group algebra U(l) in section I3".4. 21 the 'principal bundle compatibility' of these calculi is established by 
showing that the sequence p. 171) is exact. For the case at hand, this sequence becomes 

-> ^(SU g (2))(^(S 2 )).4(SU g (2)) 

-> 1 (SU g (2)) ~^ <a) .4(SU,(2))®kere u(1) /g u(1) -> 0, 

where Qtj(i) is the ideal given in section lB. 4.21 that defines the calculus on _4(U(1)) and the map ~w" su {2 ) 
is defined as in the diagram (13. 15)) which now acquires the form: 

&(S\J q (2)) un -4 ( r! 1 (SU g (2)) 

■i- X ^^-A/sU q (2) 

A{SU q (2)) ® ker £u(1) 1 4(SU g (2)) ® (kere u(1) /Q u(1) ) . 

Having a quantum homogeneous bundle, that is a quantum bundle whose total space is a Hopf algebra 
and whose fiber is a Hopf subalgebra of it, with the differential calculus on the fiber obtained from the 
corresponding projection, for the above sequence to be exact it is enough [7] to check two conditions. 
The first one is 

(id(g)7r)o Ad(Q SUij(2) ) c Qsu,(2) ® 4(U(1)) 
with 7r : .A(SUq(2)) — > A(U(1)) the projection in (I3.28[) . This is easily established by a direct calculation 
and using the explicit form of the elements in Qsv q (2) • The second condition amounts to the statement 
that the kernel of the projection ir can be written as a right „4(SU g (2))-module of the kernel of it itself 
restricted to the base algebra A(S 2 ). Then, one needs to show that ker7r C (ker7r|g2)^l(SU g (2)), the 
opposite implication being obvious. With tt defined in (|3.28[) . one has that 

ker7r = {c/, c*g, with /, g g 4(SU,(2))}. 

Then cf — c{a*a + c*c)f = ca*(af) + c*c(c/), with both ca* and c*c in ker7r|s2. The same holds for 
elements of the form c*g, and the inclusion follows. 

The analysis of the map ~N SVqi2) '- ri 1 (SU g (2)) — > _4(SU g (2)) ® kereu(i)/Qu(i) shows that w± g 
(A(S\J q (2))) are indeed the generators of the horizontal forms of the principal bundle, being in the 
ker ^a^su,(2)- From (|3.39p one recovers: 

x(Sa) = a® {z — 1), 
x (Sa*) = a* ® 0* - 1), 
x (Sc) = c® (z- 1), 
x (Sc*) = c* ® (z* - 1). 

Given the two generators w± and the specific Qgu (2) which determines the 3D calculus, corresponding 
universal 1-forms can be taken to be: 

uj + = adc — qcda (aSc — qcSa) G [7r,v (2) ] _1 (u;+), 

ui- = c*da* — qa*dc* =>■ (c*5a* — qa*5c*) £ Ka/su (2)] C^-) 1 

The action of the canonical map then gives: 

x(aSc — qcSa) = (ac — qca) ® (z — 1) = 0, 

X{c*5a* - qa*6c*) = (c*a* - qa*c*) ® (z* - 1) = 0, 

which means that 

(3.62) ~ MsVt(2) ( w± ) = 
For the third generator uj z , one shows in a similar fashion that 

(3.63) ~A/- SUg(2 , (<*>«) = 1 © (ttq u(1) (2 - !))• 
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From these it is possible to conclude that the elements ui± generate the _4(SU g (2))-bimodulc of horizontal 
forms, while from (|3.58l) one has that the vector X — X z = (1 — (7 _2 ) _1 (1 — K A ) is the dual generator to 
the calculus on the structure Hopf algebra „4(U(1)). For the corresponding 'vector field' X on yl(SU 9 (2)) 
as in (|3.18l) . one has that X(u±) = (X, ~jV SUi)(2 , (w±)) = 0, while X(uj z ) = (X,^^^ (uj z )) = 1. 
These results identify X as a vertical vector field. 

4. A *-Hodge duality on f2(SU g (2)) and a Laplacian on SU g (2) 

In classical differential geometry a metric structure g on a N-dimensional manifold A4 enables to 
define a Hodge duality * : il k (A4) —> fl N ~ k (A4) on the exterior algebra fl(A4). The strategy is to consider 
the volume form 9 £ ft N (A4) associated to a g-orthonormal basis; this corresponds to the choice of an 
orientation. Via the Hodge duality it becomes possible to introduce in il(A4) both a symmetric bilinear 
product and a sesquilinear inner product. 

The algebraic formulation of geometry of quantum groups, that has been described, presents no 
metric tensor. The strategy to introduce a Hodge duality on the exterior algebra £l(/H) coming from 
a N-dimensional differential calculus on a Hopf algebra % is then reversed with respect to the strategy 
used in the classical setting. The path consists in defining a suitable bilinear product on and 
considering a volume N-form, from which to induce a *-Hodge structure, using an equation like the one 
in (|2.33l) as a definition. 

The following description of the quantum formulation of a Hodge duality originates from [22]. As- 
sume that H is a *-Hopf algebra equipped with a left covariant calculus d), with iV the dimension 
of the calculus such that dim Sl^ nv (H) = 1, &\m.Vl k nv ('H) — dim^~ fc ('H). Suppose also that H admits a 
Haar state h : H —> C, that is a unital linear functional on H for which (id<S)h)Ax = (h<E)id)Ax — h(x)l 
for any x £ H, where 1 is used to emphasise the unit of the algebra. Suppose further that h is positive, 
that is h(x*x) > for all a; € H; it is known that the Haar state is unique and automatically faithful: if 
h(x*x) = 0, then necessarily x = 0. One can endow % with an inner product derived from h, setting: 

(4.1) {x';x)n = h(x*x') 

for any x, x' £ %. The whole exterior algebra can be endowed with an inner product, defined on a left 
invariant basis and then extended via the requirement of left invariance, 

(4.2) (x'u)')xuj) n = h{x*x'){u' ',u) n 

for any x,x' £ H and left invariant forms uj,uj' in il(H). An inner product is said graded if the spaces 
£l k {H) are pairwise orthogonal. 

Out of £l N (H) choose a left invariant hermitian basis element 9 = 8*, which will be called the volume 
form of the calculus. A linear functional J g : —> C - called the integral on f2(%) associated to the 

volume form 9 £ £l N (H) - is defined by setting J g r\ = if rj is a fc-form with k < N, and J„r) = h(x) if 
T) = x & with x £ %. The differential calculus will be said non-degenerate if, whenever -q £ O fc ('H) and 
i]' A rj = for any ?/ £ fl N ~ k (H), then necessarily rj = 0. This property reflects itself in the property 
of left-faithfulness of the functional J„: starting from a non degenerate calculus, it is possible to prove 
that, if 77 is an element in f2 fe (%) for which J„ rf A rj = for all 77' £ fl N ~ k (H), then it is ?y = 0. 

Proposition 4.1. Given the exterior algebra fl('H) coming from a left covariant, non degenerate calculus 
(57 1 ('H), d), there exists a unique left H-linear bijective operator L : ft k (T-L) — > il N ~ k (H) for k = 0, . . . , N , 
such that 

(4.3) [r ] *AL(r 1 ') = (r,';r,) n 

Je 

on any r/,rf £ il k (H). 

The proof of this result is in |22j . where the operator L is called a Hodge operator. With a left- 
invariant inner product which is positive definite, i.e. (w, uj)u > for any exterior form w, the operator L 
does not yet define a *-Hodge structure on ri('H), since its square does not satisy the natural requirement 
(|2.29[) . It is then used to define a new graded left invariant inner product setting on a basis of left invariant 
forms u> £ $!(%): 

(Lu;u% = (u;u') n , on n k {H), k < N/2; 

(4.4) (u;u% = (L- 1 (uj);L- 1 (u J ')) n , onO fc (?i), k > N/2. 
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If N is odd, these relations completely define a new left invariant graded inner product on the exterior 
algebra notice also that assuming the relation (|4.ip means that (1; l)u = 1, from which one has 

L(l) = 9, so to obtain in (|44|) that (9; 9)\± = (1; l) n = 1. 

In analogy with (|4.3[) define a new Hodge operator : ft fc ("H) -» tt N ~ k (U) via the inner product 
given in (14. 4p as 

(4.5) [r,*AL\r 1 / ) = (r I ';r ] )\ i . 



Due to the left-faithfulness of the integral, it is clear that is a well defined bijection, which satisfies 
the identity L = when restricted to £l k (H) with k < N/2. Such an operator Lfi is also proved to 
satisfy (L^) 2 = (— i) fe (-N-fc) : this is the reason why one can define a *-Hodge structure on fi(%) as: 

(4.6) * : n k (H) -)■ fl*"*^) * fa) = ^ fa)- 

The relation (14.5[) appears as the quantum version of the classical relation fl2.35[) . which is now used as 
a definition for the Hodge duality. 

If the dimension of the calculus is given by an even TV = 2m, a more specific procedure is needed, 
The same procedure as before gives a *- Hodge operator on £l k (H) for k ^ in via the inner product l|4.4p . 
Using the volume form 9 € Q ('H) set now a sesquilinear form 

(4.7) ( V ',n)= [ V * A r/, 

Je 

which is non-degenerate by the faithfulness of the integral J g . The "H-bimodule Q. m (H) has a basis of 
2m \ 

left invariants elements ui a . The restriction of (14.71) to elements uj a defines a sesquilinear form 

ml 

on the vector space f2[[J v : this form is hermitian if (— l) m = 1, and anti-hermitian if (— l)™ 1 = —1, so 
it can be 'diagonalised'. There exists a basis Uj G £l m (W) such that one has (oja^ujb) — ±S a b if it is 
hermitian, and (w Q , uib) = H5 a b if it is anti-hermitian. It is then possible to use such a basis to define a 
left 'H-linear operator £ : £l m (/H) —> £l m {/H) setting on the basis 

(4.8) £(<&„) = (-1)™ 2 (£>„,£&„) w a . 

(no sum on a). This map is a bijection, and satisfies £ 2 = (— l)™ 2 , so a *-Hodge structure on fi^ v ('H) 
can be defined as: 

(4.9) * (ui a ) = £(£>„), 

and extended on any rj € fi m (H) by the requirement of left linearity, thus giving a complete constructive 
procedure for a *-Hodge structure on Q(H). The Hodge operator £ : Q m (/H) — > £L m (H) is then used to 
introduce a left invariant inner product on £l m (/H), defined by: 



(4.10) {uJa^bfu = / A£(w„), 

Je 

on a basis of left invariant {uj a } 2-forms, and then extended via the requirement of left invariance as in 
It is easy to see that the definition eventually gives the inner product 



(4.11) (Lu a -,Cj b y n = s ab . 

4.1. A *-Hodge structure on fi(SU g (2)). This section describes how the outlined procedure 
yields a left invariant inner product on the exterior algebra il(SU q (2)) generated by the left covariant 3D 
calculus from section [5.4.11 and the way it gives rise to a *-Hodge structure. Such a *-Hodge structure 
will be then used to define a Laplacian operator on ^4(SU g (2)), which is completely diagonalised. 

The Hopf algebra _4(SU g (2)) has a Haar state h : -4(SU g (2)) — > C, which is positive, unique and 
authomatically faithful. From the Peter- Weyl decomposition of _4(SU g (2)) in terms of the vector space 
basis elements w p - r _ t <E W p (|3 .43(1 . the Haar state is determined by setting: 

h(l) = 1 h(w p:r! t) = Vp > 0. 

The algebraic relations Q3.19P among the generators of A(SU q (2)) makes it then possible to prove that 
the only non trivial action of h on _4(SU 9 (2)) can also be written as: 

k 

h{{cc*) k ) = (Y q 2 *)- 1 = - 5 5r, 
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with k £ N. One can define on .A(SU g (2)) an inner product derived from h, setting: 
(4.12) (x\x) SVq(2) =h(x*x') 

with x, x' £ -4(SU g (2)). The differential 3D calculus being left covariant, the set of &;-forms fi fc (SU 9 (2)) 
has a basis of left invariant forms. The exterior algebra f2(SU g (2)) is endowed with an inner product, 
defined on a left invariant basis and extended via the requirement of left invariance: 

(x'w',xu) SVa( 2) = h(x*x')(u',u;) SVg (2) 

for all x,x' in ,A(SU 9 (2)) and £ fi(SU q (2)) left invariant forms. Assume the top form 9 = a'w_ A 
uj + A lo z as volume form, with a' £ 1 so that 9* = 9. The integral on the exterior algebra Q(SU g (2)) 
associated to the volume form 9 is defined by J„ r\ = if r] is a fc-form with k < 2, and J r] — h(x) if 
r\ = x 9. This integral is left-faithful. 

Set a left invariant graded inner product by assuming that the only non-zero products among left 
invariant forms are: 

(1) l)su„(2) = lj 

(4-13) (M)su,<2) = i; 

while in n x (SU,(2)) are: 

(w-,w-)su g (2) = /3, 

(w + ,w + )su 3 (2) = v, 
(4-14) (w z ,w z )su 9 (2) = 7 

with f3,v,j£ M, and: 

(w_ A w + , w_ A w + ) su<! (2) = 1, 
(w+ Aw ;! w + Aw 2 ) SUf( 2) = 1, 

(4.15) (uj z Au)-,uj z Aw_)su,(2) = 1 

in J7 2 (SU g (2)). This choice comes as the most natural in order to mimic the properties of the classical 
inner product (|2.37l) , coming from the classical Hodge structure (12.27)) originated from the metric (|2.26l) . 
The Hodge operator defined in (|4.3I) is: 

L(l) = a' uj- A w+ A lj z , 

L(u>+) — —a vuj-\- A u> z , 
L(lu z ) — — a'7 w_ A w + , 
L(w_ A w + ) = —a' uj z , 
L{u) + A w 2 ) = —a' uj +1 
L(ui z A LJ-) — —a' u>-, 

(4.16) L(w_Aw + Aw 2 )=(i M . 

The Hodge operator L is used to define a new graded left invariant inner product on f2(SU 9 (2)), as: 
(^)su,(2) = ("»su,(3) on tt fc (SU g (2)), fc = 0,l; 

(4.17) («', u;)^ Us(2) = (Z" V), £- 1 H) SUg(2) on tt fc (SU g (2)), fc = 2, 3, 
on the basis of left invariant forms. On £! fe (SU g (2))) - with k — 2,3 - one has: 

(w_ A w + , w_ A w+)g Uij(2) = a' _2 7~ :L ) 
(w+ Aw 2 ,w + A w z)su„(2) = a' _2 i> -1 , 
(w 2 Aw-,w 2 Aw.)^ (2) = q 12 a'~ 2 fi- 1 , 

(4.18) (^^u 9 (2)=l- 

Associated to this new inner product there is in analogy a new unique left *4(SU 9 (2))-linear operator 
: rj fc (SU 9 (2)) ->■ ft 3 ~ fc (SU g (2)) defined by / e ry* A L^r/) = (77', 77) which is a bijection. This operator 
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is such that (L^) 2 = (— l) fc ( 3 fe ) = 1, so following (|4.6p one has a *-Hodge structure on the exterior 
algebra f2(SU g (2)): 

(4.19) *:^(SU g (2))^^ 3 - fc (SU g (2)) * fa) = £>(»?)> 
given by: 

*(l) = fl = a'u-Aw + Aw 2 , 

★ = -a'f3q~ 6 uj z A 

★ (w+) = -a'i/w + A uj Zi 
■k (u z ) = —a'^uj- A w+, 

* A w+) = —a 7 w z , 

* (oj + A Wjg) = — a'~ 1 v~ 1 uj +} 
*(w z Aw_) = -a' _1 /3 - V w_, 

(4.20) * (u;_ A w + A w z ) = a' -1 . 

Remark 4.2. TTie definition of the graded left invariant inner product (-,-)su (2) * n (14.171) shows that, 
in order to have a *-Hodge structure on the exterior algebra fl(SU g (2)) generated by the 3D calculus, 
it is sufficient to choice an hermitian volume form and a graded left invariant inner product only on 
51 fc (SU g (2)) for k = 0, 1. This is a general aspect: given a Hopf ^-algebra T~L, equipped with a finite odd 
N dimensional left covariant differential calculus, the formalism developed in [22 j shows that what one 
needs is an hermitian volume form and a graded left invariant inner product on n k (H) for k < N/2. 

4.1.1. A Laplacian operator on _4(SU 9 (2)). Given a differential calculus and a *-Hodge structure on 
the Hopf algebra _4(SU g (2)) it is possible to define a scalar Laplacian operator □su ? (2) : *4(SU 9 (2)) — > 
A(SXJ q (2)) as O SVq ( 2 )(f> — *d*d</> for any <fr e ^4(SU 9 (2)). This Laplacian can be written down by a 
computation on the basis of the left invariant forms of the calculus: 

d(j) = (X + xf>)w+ + (Jf_[>0)u;_ + (X z xf>)cj z ] 
*d(j) = — a'[v{X + \>(j))uj + A u> z + (iq~ 6 (X-i>(j))uj z Aw_+ -f(X z i>(j))uj- A u> + }. 

The last line comes from (|4.20p and the left linearity of the *-Hodge on the exterior algebra fi(SU g (2)). 
By (|3.53[) the derivative d acts on the previous 2-form as: 

d * d(f) — -a'[v(X-X + >(f>)(uj- A lu + A lu z ) + [3q~ 6 (X + X->(f>)(uj + Aw z Aw_) + j(X z X z >(f>)(uj z A u;_ A uj + )] 
= -a'{[vX-X+ + (3X+X- + ' I X z X x ]>^>}(u- A lo + Auj z ), 

where the commutation rules (|3.52[) have been used. The last of (|4.20l) finally gives the Laplacian 
operator the expression: 

(4.21) * d ★ d(f> = - [vX-X + + fiX+X- + jX z X z }>4> 

in terms of the left action of the quantum vector fields of the calculus. The expression (14.21ft shows that 
Dsu g (2) : £n — > £- n . This operator can be diagonalised. One has to recall the decomposition (|3.41|) of 
the modules C n for the right action of U q (su(2)): this right action leaves invariant the eigenspaces of 
the Laplacian since left and right actions of U q (su(2)) on _4(SU g (2)) do commute. On each irreducible 
subspace vj n) (j3~4Tj) for the right action of U q (su(2)) one has a basis njJ)! = ( c J-n/2 a *J+n/2j < E l = 
W2j:j-^,i (with 1 = 0,..., 2J) of eigenvectors p.43|) for the Laplacian. The spectrum of the Laplacian 
does not depend on the integer I: an explicit computation shows that 

X z X z >cj> nM = q 2 ^+ 1 )[n] 2 ct> n ,j, l , 

X+X_ > cj> nM = q n -\[J - |][J + 1 + |] + [n})<t> n ,J,U 

(4.22) X-X+>cf> nM = q n+1 ([J - ~][J+1 + ~])4>n,J,l- 

The spectrum of the Laplacian (|4.2ip is then given as nsu<,(2)^n,j,/ = ^n,j,i4>n,j,i with: 

77 77 77 77 

(4.23) X nM = -q n {vq[J --][,/+! + -] + (3q-\[J - -][J + 1 + -] + [n]) + 79 n+2 [n] 2 }. 
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5. A *-Hodge structure on O(S^) and a Laplacian operator on A(S 2 ) 

The way the *- Hodge structure (|4.20[) has been introduced on f2(SU g (2)) comes from the analysis in 
The aim of this section is to extend that procedure in order to introduce a *-Hodge structure on 
O(Sg). The strategy is to directly follow the same path, and to apply to the differential calculus fi(Sg) 
the same procedure, explicitly checking its consistency in the new setting. 

5.1. A *-Hodge structure on A(S 2 ). The differential calculus on the quantum sphere S 2 has 
been described in section 13.4.31 and fully presented in proposition 13.61 It is a 2D left covariant calculus: 
as a volume form consider 6 — ia"uj- A cj + . 

Lemma 5.1. The 2D calculus Q{S 2 ) from vrovosition \3. 61 is non degenerate. 

Proof. The proof of this lemma is direct. To be definite, consider a 0-form r\ = / with / G A(S 2 ) ~ 
£q°' 1 , so to have a product 

V' A V = / V- Aw+)/ = /'/ UJ- A u+ 

from the commutation rules in (|3.50[) . where rf = f 0J- A u + with /' G £q . One has rj' A r\ = 
/'/ = 0: such a relation is satisfied for any /' G iff / = 0. 

Consider now the 1-form r\ = xcu- with x G so to have a product 

rj A 7] = (x'u!- + y'u> + ) A iw_ = —y'xcu- A uj + 

where (x',y') G (C^l, C^). The relation rj A n — <^=> y'x = is satisfied for any y' G £ 2 °' iff x = 0. 
The remaining cases can be analogously analysed, thus proving the claim. □ 

The restriction of the Haar state h to -A(S^) yields a faithful, invariant - that is h(f<X) = h(f)e(X) 



for / G -4(Sq) and X G U q (su(2)) - state on A(S 2 ), allowing the definition of an integral Jg : f2(S 
given by: 

r f = 0, onfeA(S 2 



qJ> 

// = (). omjefi 1 ^), 

(5.1) / foj_Aoj + = -ia"- 1 h(f). 
Je 

Lemma 5.2. The integral Jg defined in (|5 . 1 1) is left-faithful. 

Proof. The proof of this result is also direct. Consider, to be definite, the 1-form n = xuj- with 
x G C^l, and a generic n' — x'cu- + y'u)+ G fl 1 ^ 2 ). The relation Jg rf A n = for any rj G ^{S 2 ) 
is equivalent to the condition h(y'x) = V?/ G ■ Since this last equality must be valid for any 
y' G £2 , choosing y' — x* , it results h(x*x) — 0: the faithfulness of the Haar state h then gives x = 0. 
The claim of the lemma is proved by an analogous analysis on the remaining cases. □ 

The restriction to £l(S 2 ) of the left invariant graded product (|4.17[) on 0(SU 9 (2)), which is the one 
compatible with the *-Hodge structure, gives a left .4(Sq)-invariant graded inner product: 

(M)s= = i; 

(x'ui- + y'u! +1 xu>- + yu! + ) S 2 — h(x*x')(3 + h{y*y')v; 

(5.2) (w_ A oj+,oj- A w + ) S 2 = a' _2 7~ 1 , 

with , x,x' G C^l an d y-,y' G C% ■ Recalling proposition 14.11 - namely equation (|4.3p - and the 
results proved in lemmas IBTTl and I5T21 a left ^4(S^)-linear Hodge operator L : £l k (S 2 ) —> fl 2 ~ h (S 2 ) can be 
defined for k = 0, 2. From the first line in the inner product relation (|5.2[) one has L(l) = 9, while the 
third gives L(9) — a" 2 a'~ 2 j . It is evident that for such an Hodge operator it is L 2 ^ 1, which is a 
natural requirement for a *-Hodge structure on £l k (S 2 ) for k — 0, 2. On the exterior algebra Q(SU g (2)) 
this problem was solved by changing the inner product via the definition (|4.17p . and proving that the 
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new Hodge operator does satisy all the required properties to have a consistent *-Hodge. Following an 
analogous path, define 

(1,1)^ = 1, 

{x'uj- + xuj- -\- ycj + )g 2 = [x'uj- + 2/0;+, xcj_ + y^_|_) S 2, 

(5.3) =(L- 1 (0),L- 1 (0)) s? =1, 

where the inner products on 1-forms amounts to a different labelling of the inner product in (|5.2[) . The 
Hodge operator on f2 fe (S 2 ) for k = 0, 2 relative to such a new inner product is given by Lr(l) = 9 and 
L\0) = 1. But now the inner product has changed: the requirement that the inner product ( , )gy , 2 > 
on the exterior algebra f2(SU g (2)) fixed - via a restriction, as given in (|5.2I) the inner product ( , )§2 
on the exterior algebra fi(S 2 ) implies that the condition 

(5.4) (M& = (M)£ Ut (2) 



/las to &e imposed, giving 

(5.5) a" 2 ^- 2 !" 1 = 1 

as a constraint among the parameters. The constraint (|5.4|) can be interpreted as the quantum analogue 
of fixing the classical metric on the basis S 2 of the Hopf bundle as the contraction of the Cartan-Killing 
metric on S 3 ~ SU(2), since that choice in the classical formalism, as stressed in remark [2.21 gives the 
equality of the inner product on Q(S 2 ) defined in (|2.65l) with the restriction of the inner product on 
n(S 3 ) given in (l235|) . 

The differential calculus on S 2 is even dimensional with N = 2, so on SI 1 (S^) define a sesquilinear 
form: 

(5.6) (t^', V ) = [ rf A rf = ia"- 1 {h(y*y') - q 2 h(x*x')} 



where r\ = xlo- + yuj+ and rj' — x'uj- + y'uj+, with x, x' € and y, y' € C2 ■ The quantum sphere 
S 2 is a quantum homogeneous space and not a Hopf algebra, so there is no left-invariant basis in fi^S 2 ): 
neverthless such a sesquilinear form can be " diagonalised" , as 

(a;cj_, xu)-) = —iq 2 a"~ l h(x*x); 

(5.7) (yui + ,yuj + ) = ia"~ l h(y*y), 

where the faithfulness of the Haar state ensures that the coefficients on the right hand side of these 
expressions never vanish. The general result from |22j - recalled in (|4.8|) - is no longer valid on a 
quantum homogeneous space: the diagonalisation in (|5.7p suggests indeed a way to define a Hodge 
operator. Since a" can be both positive or negative, define 



( 5 - 8 ) y e +=(ir&) 

so to have from (|5.7p : 



1 1/2 



(x6-,x9-) = -i—fr, 
a 

(5.9) ( y e + , y e+) = i 1 -^. 

a" 

In the same way as in (|4.8p . define a left _4(S 2 )-linear operator £ : il 1 (S 2 ) — ^ 51 1 (S 2 ) setting: 

'a'" 



£(x0_) = V—±x6-, 
a" 

(5.10) Z(y6 + ) = -i^y6 + . 

a" 

Such an operator clearly satisfies the condition £ 2 = — 1 for any value of a" . It is not yet a consistent 
Hodge operator: it has to be compatible with the left invariant inner product on fi^S 2 ) obtained in 

33 



(|5.3[) as a restriction of the analogue on r2 1 (SU 9 (2)). From the relation (|4.10p . this compatibility must 
be imposed: 

(5.11) (V',V)1= /V A £(»/). 

q Je 

This condition is fulfilled if and only if the parameters in this formulation satisfy: 

(5.12) \a"\[3 = q 2 , 

(5.13) \a"\v = l. 

The *-Hodge structure on f2(S^) is defined as a left ^4(S^)-linear operator whose action is given by: 

★ (1) = ia" uj- A 

★ (XUJ-) — l (XU)-), 

a" 

< ^ ■\ a "\< ^ 
a" 

(5.14) *(iw_ Acj+) = a"- 1 , 

with the parameters a', a", j3, v,-y satisfying the constraints ([5.5)1 . (|5.12|) . ([5.131) . 

Remark 5.3. T/ie -k-Hodge structure (|5.14p differs from the one in [261 . because in that paper the *- 
Hodge structure was required to satisfy the relation * = 1, w/wle £/ie paift followed here is to remain 
consistent with the requirement that * 2 = (— i^M-W-fc) on f s _j orms j rom a N -dimensional calculus. 

The definition ([5.14[) of the Hodge duality is still not complete. The constraints among the parameters 
involve the absolute value of a", so one still needs to choose their relative signs. In the classical setting 
the only parameter was a £ M, and it has been chosen positive so to give a riemannian metric g in the 
analysis of section |2~21 As it is clear from (|2.31[) and from the definition (I2.33p . the positivity of the 
metric implies the positivity of the symmetric form ( , ) s3 ([2.3ip and of the sesquilinear inner product 
( , )g3 ([2.33[) : the signature of the metric tensor implies the signature of both the bilinear forms 

In the quantum setting, having no metric tensor, the choice of the relative signs of the parameters 
is equivalent to choose the signature of the left-invariant inner product ([4.141) on f2 1 (SU, z (2)): this will 
encode a specific metric signature. 

The natural choice for a riemannian signature is, from ([4. 141) and (j4.18p . given by f3, u, 7 £ R + . This 
choice turns out to be compatible with (15. 5p . ([5. 121) and (|5.13p for every a' and a". From (I5.12p and 
([5.13P one also has that: 

(5.15) P = q 2 v- 

This relation has a number of interesting and important consequences, described in the next propositions. 

Proposition 5.4. The -k-Hodge structure given as a left A(S 2 q ) -linear map -k : VL k {S 2 ) — > tt 2 ~ k (S 2 ) for 
k = 0, 1, 2 and defined by ()5. 14[) . has the property 

(5.16) * (77) A rf = {-l) k{2 - k) ri A *(»/) 
for any 17,77' <E tt k (S 2 q ). 

Proof. The relation is trivially satisfied for k — 0, 2. Consider now the two elements r\~x u;_ +yuj + 
and 77' = x'uj- + y'tu+ in f2 1 (Sg), which means x, x' £ and y, y' £ by proposition 13.61 The 
multiplication rule from the same proposition gives: 

(*ry) A 77' = ia (/3 xy' + yx)oj- A w+, 

(5.17) 77 A (*T7') = -ia"(q~ 2 p yx' + q 2 vxy)uj- A ui + . 

The two expression are equal - up to the sign, which is the claim of the proposition - from (|5.15p . □ 

Proposition 5.5. The left A(S 2 )-linear -k-Hodge map defined by ([5.14p is right A(S 2 )-linear: given 
77 £ n(S 2 ), it is *(r)f) = Mj})f for any f £ A(S 2 ). 



^In the classical formalism, the *-Hodge structure on an exterior algebra coming from a N dimensional differential 
calculus * : fl k (H) >->• n N ~ k (H) satisfies the identity J27301) : 

77 A (*r)') = rf A (*t?) 



to which the identity (15. 1 6 II reduces in the classical limit. 
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Proof. The 2D differential calculus on the quantum sphere S 2 has the specific property, coming 
from the bimodule structure (|3.50[) of fi 1 (SU g (2)) - where one has ui±<f> = q n tpuj± for any 4> £ £-n^ - 
that w±f = fuj ± with / G £[, 0) ~ -4(S 2 ). The claim of the proposition is trivial for r) G ^°(S 2 ) ~ .A(S 2 ). 
For a 1-form T) = a;cj_ + in il 1 (S^), one has: 

*{vf) = + yu+)f) = *(xfui- + yfu>+) = ia"v(xfu- - yfoj+) = ia"v(xuj- - yoj+)f = *(rj)f- 

An analogue chain of equalities is valid for n = f'u)- A lo+ G f2 2 (S 2 ), with /' G -4(S 2 ). □ 

In the same way it is possible to prove the following identities, which will be explicitly used in the 
analysis of the gauged Laplacian operator, and which slightly generalise the last proposition. 

Lemma 5.6. Given the left A(S 2 )-linear -k-Hodge map defined by with G £ { n ] , <j>' G £ {0) n and 

i] G O 1 (Sg ) one has: 

* OV) = <t>'(*n)4>, 

* {(j)'{uj_ A u+)<f>) = q 2n <j>'{k{u- A lo+)}4>. 

Proof. With (f>'r)(j> G ^(S 2 ), and again 77 = xuj- + yuj+, it is explicitly: 

ri4>) = -k(4>'q n (jj(j)UJ+ + xifiuj-)) — — iq n ct"v <f>' (y<fiuj + — xifiuj-) = —ia"v $ (yuj+ — XW—)<fi — <fi (*7])<p. 

*(0'(w- A w+)0) = g 2 " * (0>(w_ A &;+)) = g 2 "0> * (w_ A w+) = g 2 V {*(^- A 
where the last equality is evident, since A w + ) G C. □ 

5.2. A Laplacian operator on _4(S 2 ). Using the 2D differential calculus on the Podles sphere S 2 
and the *-Hodge structure on f2(S 2 ) it is natural to define a Laplacian operator Dga : -4(S 2 ) — > -4(S 2 ) as 
□32/ = *d*d/ on any / G -4(S 2 ). An explicit computation using the properties of the exterior algebra 
f2(S 2 ) represented in proposition 13.61 gives: 

d/= (X + >f)cj + + (X->f)u-, 
*df = -ia>(*+>/Vf - q- 2 l3(X_>f)LU_], 
d*df = -ia"[vX-X + + /3X + X-]>f(u>-Au> + ), 

(5.18) *d*d/ = -[vX-X+ + /3X + X-]>f. 

The relation Q3.32[) shows that such a Laplacian operator can be seen as an operator Dga : — > . 
In particular, from (14.21)) . the Laplacian Dg2 is the restriction of the Laplacian □ SUg (2) to the subalgebra 

A(S 2 ) C yl(SU g (2)). A basis of the eigenvector spaces = ©jeN^j ^ coming from (|3.41[) is given by 
elements (j>o,J,i — c J a* J <E l = W2j-.j,i, so that formulas (|4.22[) drive to a spectrum of this Laplacian on 

□s;to,j,i = -(^ + g- 1 /3){[J][J + l]}^j,z 

(5.19) =-2qv{[J}[J+l}}<t> 0M . 

Remark 5.7. Equations (|4.2ip and (I5.18[) show that the classical relations between the Laplacians Qsir(2) 
and Os 2 > coming from the Hodge duality associated to the metric tensor g (|2.26p related to the Cartan- 
Killing metric, is then reproduced in the quantum formalism, in the specific realisation of the quantum 
Hopf bundle that has been described. The constraints among the 5 real parameters used in the analysis 
of the Hodge duality can be written as: 

7 = a" 2 a'- 2 , 
v = \a"\-\ 

(5.20) P = q 2 v. 

The parameters a', a" are the coefficients of the volume forms. The analysis of the classical limit of this 
formulation is in section^ The choice: 

lim a = —4a, 

q-H 

(5.21) lim a" = -2a 

q-H 
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gives (|4.21[) and (|5.18[) in the classical limit. Being a a positive real number, it seems natural to assume 
a' and a" negative real numbers. This also gives v = — a"^ 1 from the second relation in (j5.20[) . so to 
have a Hodge duality (|5.14[) which is now: 

■k (1) = 9 = ia" lu- A lu + , 

★ = — iXLJ-, 

(5.22) *{iuj- Acj+) = a"- 1 , 

giving, if (|5.21l) is satisfied, the Hodge duality (|2.58l) in the classical limit. 



6. Connections on the Hopf bundle 

The structure of a quantum principal bundle (V, B,TA.;Nvi Qu) with compatible differential calculi, 
given the total space algebra V on which the gauge group Hopf algebra H. coacts, has been described in 
section l3~2"1 The compatibility conditions ensure the exactness of the sequence (|3.17[) : 

(6.1) -> Vn\B)V -> rtx(V) V® {kere H /Qu) -> 0. 

with the map ~a/V defined via the commutative diagram (|3.15[> . Among the compatibility conditions, 
the requirement that ArNp C Af-p ®H - giving a right covariance of the differential structure on V - 
allows to extend the coaction An of H on V to a coaction of % on 1-forms, A^P : ^(V) — > O 1 (T 13 ) ® H, 
defining A^ 1} od = (d®l)o A R . 

Note that Ad(kere^) C (kere^) <E) H. If the right ideal Qu is Ad-invariant (which is equivalent 
to say that the differential calculus on H is bicovariant), it is possible to define a right-adjoint coaction 
Ad^ : ker eu/Qu — > keneu/Q-H ®Hby the commutative diagram 

kere w — ? kev eu/Qu 
| Ad | Ad (fl) 

kere w «>"H 7rc _^' d (ker e H / Qu) ® K 

Together with the right coaction Ar of % on V , such a right-adjoint coaction allows to define a 

right coaction A^ d ^ of % on V ® kcre^/Q-H as a coaction of a Hopf algebra on the tensor product of 
its comodules. This coaction is explicitly given by the relation: 

(6.2) &r (p®K Qn (h)) =p (0 ) <g> 7r Qw (/i( 2 )) O P(i)(5/i ( i))ft(3), 

adopting the Sweedler notation for the coaction as A^(p) = p( ) 

It is now possible to define a connection on the quantum principal bundle as a right invariant splitting 
of the sequence (I6.1[) . Given a left P-linear map a : V ® (kere-^/ Qu) — > ^(V) such that 

A^ oa={a®id)A ( x d \ 

(6.3) ~jv" P OG = 

then the map n : il 1 ^) — > VI 1 (V) defined by n = ero ~jvV> is a right invariant left P-linear projection, 
whose kernel coincides with the horizontal forms T'ft 1 (B)'P: 

n 2 = n, 

1\{V9}{B)V) = 0, 

(6.4) A^ } o n = (n ® id) o A^ 1} . 

The image of the projection n is the set of vertical 1-forms of the principal bundle. A connection on a 
principal bundle can also be written in terms of a connection 1-form, which is a map uj : % — > Q 1 ^). 
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Given a right invariant splitting a of the exact sequence (|6.ip . define the connection 1-form as uj(h) = 
cr(l ® kq-h Q 1 ~~ £ u{h))) on h G H. Such a connection 1-form has the following properties: 

0, 

1 ® iTQ H (h - £-H(h)) VheH, 
(oj ® id) o Ad, 

(id®(jj)A R (p) Vp € V. 

Conversely if w is a linear map kere-^ — > ^(V) that satisfies the first three conditions in (16.51) . then 
there exists a unique connection on the principal bundle, such that oj is its connection 1-form. In this 
case, the splitting of the sequence (|6.1[) is given by: 

(6.6) *(p®[h])=pu>Qh]) 
with [h] in ker e-ul Qh, while the projection II is given by: 

(6.7) II = to o (id® oj)o 

The general proof of these results is in [6]. This section explicitly describes the connections on the 
quantum Hopf bundle with the compatible differential calculi presented in sections 13.4.11 and 13.4.21 



w(Q«) = 

~AT P (w(/l)) = 
a( r ° w = 

(6.5) n(dp) = 



6.1. Vertical subspaces on the quantum Hopf bundle. The right coaction A^' : Q 1 (SU q (2)) — > 
fi 1 (SU g (2))(g)^4(U(l)) of the gauge group algebra .4(11(1)) on the set of 1-forms on the total space algebra 
of the bundle, whose consistency is allowed by the compatibility conditions between the 3D left covariant 
calculus on A(SU q (2)) and the ID bicovariant calculus on _4(U(1)), gives: 

ArU) x = u z ® 1, 

(6.8) A^cj± = u± <g> z ±2 . 

From the analysis on the ID calculus on .4(11(1)) performed in section l5.4.4l and the result of lemma l3.41 a 
connection on the quantum Hopf bundle is given via a splitting map a : ^4(SU g (2)) <£> (ker £tj(i) / Qu(i)) — * 
r2 1 (SU 9 (2)), which can be defined recalling the isomorphism A : kereu(i)/Qu(i) ~^ C. Given w G C set: 

(6.9) a(l (g) w) = <j{w ®l) = w(u z + Uu + + Vui-); 
and extend by the requirement of left ^4(SU (? (2))-linearity ) so to have: 

cr(l <E) [<p(j)]) = q~ 2j (uJ z + Uu)+ + Vuj-), 

(6.10) a{4> ® [<p(j)]) = q- 2 ^(co z + Ulo+ + Vu-), 

where 4> € -4(SU g (2)) and the requirement of right covariance (|6 . 3[) selects - from (|6.8p - U € C% and 
V G The projection II associated to this connection is easily seen to be: 

n(w±) = o-(~Ar SUa(2) (w±)) = o, 

(6.11) H(w,) = <t(~jv su , (2) («*)) - tr(l ® [v»(0)]) = w z + Uu+ + Vu:-. 

In this expression the 1-forms u>± are recovered as horizontal (|3.62l) . a notion depending only on the 
compatibility conditions between the differential calculi, while a choice of a connection is equivalent to the 
choice of the vertical part of r2 1 (SU 9 (2)). The set of connections for the quantum Hopf bundle corresponds 
to the set of the possible choices of 1-forms on the basis of the bundle as a = Uu+ + Vui- G il 1 (S^), so 
that the second line in (|6.11[) can be written as 

(6.12) n(w z )=w 2 +a. 

The connection one form (16.51) u> : U(l) — > f2 1 (SU g (2)) is given by: 
uj(z 3 ) = cr(l ® \?J - 1]) 

(6.13) = ( \~_ 9 q J ) K + Uu+ + Vu-) = (y~^-P) ^ z + a )- 
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(6.14) = I - 1 9 ' ) <p(u z + Uw+ + Vu-); 



Given the projection II and the connection 1-form u>, it is possible to compute the lhs and the rhs of 
the last line in (|6.5p . On the basis of left invariant differential forms and using the explicit form of the 
quantum vector fields in (|3.45p . with (f> 6 one has: 

U(d<j>) = UdXj^LUj) = (Xj>(t>)IL(u}j) 

.1-?- 

and also: 

(id® uj)A R ((p) = (id® oj)(4>® z~ 3 ) 

(6.15) = ( 1 1 ^-2 ) + Uu + + Vuj ~) = 11 W)- 

The monopole connection corresponds to the choice U = V = a = 0, so to have IIo(a; z ) = w 2 and 
the monopole connection 1-form u)o(z 3 ) = [(1 — g -2 -')/ (1 — q~ 2 )]ui z [3 [9]. With a connection, one has the 
notion of covariant derivative D : A(S\J q (2)) — > fi 1 (_A(SU q (2))) of equivariant maps. Given (/> € £n , 
define 

(6.16) D(f> = (l- U)dcj). 

The covariant derivative Dip is clearly an horizontal 1-form: the adjective "covariant" refers to the 
behaviour under the coaction of the gauge group algebra, as one directly (|3.33p shows that: 

(6.17) A R (f> = <j> <g) z- j (£>«/.) =D4>® Z - j , 

from the right invariance (16.4[) of the projection II. In terms of the connection 1-form the covariant 
derivative can be written, using (|6.15|) . as : 

D<f> = (1 - n)d0 = d<f>- U(dcj)) 

(6.18) =d^Mw(z" J ) 

on a 4> G ^j "*- It i s then immediate to recover that, for any / £ £q ~ ^4(S^), one has Df = df. 

Remark 6.1. Given any 4> £ >cl°' 1 , /rom (|6.18l) and (|6.12p . the covariant derivative can be written as: 

D<t> = {(X+>(j>) - (X z >4>)U}u + + {(X-t>4>) ~ {X z >4>)V}u-. 

It is an easy computation using the A(S\J q (2))-bimodule properties p.50[) of J7 1 (SU g (2)) to prove that 
D(f) ~ J7 1 (S 2 ) ■ A(S\J q (2)) for any connection represented by & £ fi^S 2 ). This means that any connection 
on this quantum Hopf bundle is a strong connection, following the analysis in [16] . 

6.2. Covariant derivative on the associated line bundles. A covariant derivative, or a con- 
nection, on the left „4(S 2 )-module £n^ is a C-linear map 

(6.19) V : n k (s 2 q ) ® A{S2q) £^ n k+ \s 2 q ) ® A{s , q) 4°), 

defined for any k > and satisfying a left Leibniz rule: 

V(a (<j|) = da A (a\ + (-l) m a A (V (a\) 
for any a £ Q m (S q ) and (crj £ J7 fc (S 2 ) ®^(s 2 ) ^n "*. A connection is completely determined by its 



restriction V : Si° ] -> ^(S 2 ) 

®.4(s 2 ) an d then extended by the Leibniz rule. Connections always 
exist on projective modules: the canonical (Levi-Civita, or Grassmann) connection on a left projective 
.4(S 2 )-module £„ is given as 

(6.20) Vo<<7| = (d<<7|)p<"); 

the space C(£^) of all connections on £^ is an afhne space modelled on Hom_4(g2- ) (£^ ' ) , £^ ® A (s 2 ) 
51 1 (S 2 )), so that any connection can be written as: 

(6.21) V (a\ = (d (a|)p (n) + (-l) fe (a\ A A (n) 

with (a\ € ^ fc (S 2 ) ® A (s 2 q ) £n and £ M| n | +1 ® A (s 2 q ) ^(S 2 ) - which is called the gauge potential of 
the connection V - subject to the condition A^ 11 ) = A( n )p(™) = p( n )A( n ). The composition 

V 2 = VoV : n k (s 2 q )® A{s , q) £^^n k+2 (s 2 q )® A{s2q) £^ 
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is f2(S;j)-linear. This map can be explicitly calculated: given (er| G f2 fe (S 2 ) ®a(S 2 ) 4 0) , from (EUD one 



has 



V 2 = d(V M)p (n) + (-l) fe+1 (V (<r|) A A< n > 

= d{(dcr)p ( ™ ) + (-l) fe <cr| A A( n >}p("> + (-l) fe+1 {(d (crQpW + (-l) k (a\ A A (n ^} A A (n ) 
= d{(d (<r\)pW}pV> + {-l) k (d (a\ A A (n >)p (n) + ((ct| A dA^V") 
+ (-l) fc+1 {(d (<r|)p (n) A A'"'} - (a\ A A< n > A A™ 
3.22) = (<r| {-(dpW A dp (n) )p (n) + (dA( n ))p("> - A^ A A< n >}. 



The restriction of the map V 2 to £n\ seen as an element in i7 2 (S 2 ) ®acs 2 ) £n' i is the curvature Fy of 
the given connection. 

The left *4(S 2 )-module isomorphism between and £ n described in proposition 13.31 allows for 

the definition of an hermitian structure on each projective left module £n\ { ; } : £n^ x £ n ^ — > -4(S 2 ) 
given as: 

(6-23) {(^\W\^} = m , 

with cf>, 4>' € £^ ' . Such an hermitian structure satisfies the relations: 



(0) 



The left ^4(S 2 )-module isomorphism between £„ ' and also enables to relate the concept of 
connection on the quantum Hopf bundle to that of covariant derivative on the associated line bundles. 
As first step, define the „4(S 2 )-bimodule: 

(6.24) ={4>e OL r (SU 9 (2))^^(SU,(2))^ 1 (S 2 M(SU 9 (2)) : b$ <f> = <f> ® z~ n } 

and introduce the notations: 

£W^O fe (S 2 )^)4 0) - 

The maps: 



3.25) 



fW fW 



(7 I ^ 



give left *4(S 2 )-module isomorphisms (in this notation the explicit dependence on (/| 6 .4(S 2 )'™' +1 as in 



proposition 13.31 has been dropped) . Via this isomorphism, any connection on the quantum Hopf bundle 
- represented by a projection II (16. lip or by a connection 1-form f|6 . 13[) - induces a gauge potential A( n ) 
on any associated line bundle £ ■ 



Proposition 6.2. Given the left -4(S 2 ) -isomorphism Cn — £n' described in proposition^ 
as the analogue left -4(S 2 ) -module isomorphism ~ sjp described in (I6.25[) . there is an equivalence 
between the set of connections on the quantum Hopf bundle via a projection II in f2(SU g (2)) as in (|6.11l) . 
and the set of covariant derivative V G C(£ n ) on any associated line bundle. With <f> G Cn so that 
( a<j> \ = cj)(M n ^\ G £n \ the equivalence is given by Dcj) = (V {a\^) 

PROOF. Choose <$> G Cn\ so to have = and from the definition in (|6.21[) express a 

covariant derivative on £ n ^ via a gauge potential as: 



,(0) 



VW 



/>!»(") 

A (n) 



(6.26) 

(6.27) = {d<f>-^[(^ n) ,d^ n) ) - (^( n 

since A' n ) = A( n )p("). On the other hand, being 4> G Ln^ one has: 

D(f> = (l- n)d<jy = d(f>- (X z xt>)Il(u) x ) 



A (n) 



,2n 



1-9- 



0n( w ,), 



:?!) 



with D(f> e £n from (|57T7j) . By the isomorphism (|6~2"5)) . equating D</> = (V(ct|^) |*(™)) defines the 
gauge potential A^ a ' as: 



iJ/(") d^ (n) 



A (n) 



(6.28) 



1 — n 2n 

*w ) = - — *— ( w , + + 

1 — g z 

1 - Q 2n 



an explicit calculation shows that (ty( n \ d^^) 
becomes: 



1-5- 

[(1 — g 2 ")/(l — g~ 2 )]cLi z , so the previous expression 



(6.29) 

which is solved by 
(6.30) 



$00 



A (n) 



1 



i— ([/ W+ + V^_), 



A (n) 



1 - q 2 



2n 



(UUJ++V0J-) 



^(™)\ a /^(™) 



This solution is unique. Being the set of connection an affine space, any different gauge potential, solution 
of equation (KT291) . should be A^ n ' = A( n ) + A'( n ) where A( n ) is given in (jOU)) and A /(n) must satisfy 
($(»)| A '0) |*(")) = 0, with A'( n ) = p(™)A'( n V") = p(")A'( n ) = A'( n y™) = A'K One directly has: 



$(") 



A '(n) 



#(«)\ =o 



V]/( n )\ / lJ/00 



A '(n) 



\$r(™)\ / \J/0>) 



p(n) A '(n)p(n) _ A '(n) 



The complete equivalence claimed in the proposition comes by (|6.29p , which gives for any gauge potential 
A^ 11 ' a 1-form a G fi 1 (S 2 ), suitable to define a connection as in (|6.12[) . □ 



The form of the gauge potential (|6.30[) shows that the monopole connection Ho(oj z ) = u z corresponds 
to the Grassmann, or canonical covariant derivative Vo (cr\ = (d (er|)p(") on the line bundles £n\ having 
A(") = for any n G Z. A connection on the quantum Hopf bundle is defined compatible with the 
hermitian structure (|6.23[) on each module of sections of the associated line bundle if 

d{H, ; (a|,,} = {V ; H,,} + {H, ; V H,,}. 

It is easy to compute that this condition amounts to have a connection (|6.12[) satisfying the condition 



The compatibility between the differential calculi allows to extend the concept of right coaction of 
the gauge group algebra on the whole exterior algebra f2(SU g (2)), introducing a right coaction : 
fi fc (SU g (2)) n k (SV q (2)) ® -A(U(1)) by induction as 

(6.31) A^od= (d«)id)oA^ 1) . 
It becomes now natural to define the _4(S 2 )-bimodule: 

(6.32) 4 2 ' = {<j> e A(SV q (2))n 2 (S 2 q )A(S\J q (2)) : AgV = ® *-*}; 
so that the maps: 

(6.33) £P) ^ £ (2). { a \^4>=(aM n) ) 

arc left _4(S 2 )-module isomorphisms, generalising the isomorphisms given in proposition ^ . 3l and in (|6.25l) . 
In the formulation of |6J, the elements in C n are strongly tensorial forms. 

Recall that the covariant derivative V is defined in (|6. 19|) as an operator V : £,\ — > £n for 
k = 0,1,2, since the differential calculus on -4(S 2 ) is 2 dimensional; the covariant derivative D has 

been defined by (|6.16[) only on the ^4(S 2 )-bimodule C„ \ while the proposition 16 . 2 1 shows the equivalence 
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between D : Cffl — > C n and V : — > Sn K The isomorphism (16.33)) allows then to extend the 



covariant derivative to D : C\ 
(6.34) 

^(1) 



Ln \ defining: 



#0 = (v H ) 



for any (ft £ c n 1} with h = e f4 1J = n 1 ^) ^(s 2 ) ■ Such an operator can be represented 

in terms of the connection (|6.13l) 1-form w. From the Leibniz rule one has: 

d(<^*M) = (d</>)<V ,l) | + {-l) k (ftd(^^ 

(k) 

with <ft £ C n ■ This identity gives the next proposition. 

Proposition 6.3. Given (ft £ C n , so that (a\^ = (ft ^<j(") | g £„\ the action of the operator D : cffl — > 

,(2) 



Cn ' defined by (l(04l) can be written 
(6.35) 



Deft = Aft + (ft A io{z- n ) 



PROOF. The proposition is proved by a direct computation. Start from <ft £ Cn, so that from (|6.21[) 
one has V (a\ . = (d (cr| JpM ~ (a\, A A( n \ so that : 



D<ft=(V(a\ <t> )\^) 

= (d(^)|*W)-<«7| AAW|*W) 



A (n) 



3.36) 



d(0<V") ) *(«)\ -0A ^* (n) 
d<?!> + <M<(# (n) ,d*W\-(M(* (n) A< n > = d0 + <Mw(z _n ), 



where the last equality comes from (|6.28p . expressing the gauge potential A^ n ) in terms of the connection 
1-form uj. □ 



To give the curvature of the given connection (|6.22p a more explicit form, one can make use of 
two further relations. The first one, involving the projectors p^ only, comes from [24], while the second 
is proved again by direct calculation. 

Lemma 6.4. Let p( n ' denote the projection given in (I3.37p . With the 2D calculus on S 2 , of section \3.4-3\ 
one finds: 



dp (") A djj(n) p (n) 



[n] p w w + Aw_, 

(n), 



p (n > dp [n) A dp (n) =-q- ,l - 1 [n] pl"»w + Aw_. 

Lemma 6.5. Given for any n £ Z i/ie projectors pW as m (|3.37D and £/ie expression of the gauge 
potential as in (|6.30[) . one /ias: 



3.37) p(")dA^p(") = - 

Proof. Setting 



1-g 2 
1-9- 



f (n) \d([/w + + Fw_) 



= ^(n) A (n) ^(n)^ = _ g2«)/(l _ q- 2 )}(Uu+ + VuJ-) = -- 



l-q 2 



- a, 



the expression (|6 . 3T[) can be written as the sum of three terms, from the Leibniz rule satisfied by the 
exterior derivation d: 

$(«)\ d* (n) \a ( ™ : ' + <f (n) \ (da (n) ) (* (n) - *(™)\ a (n) (d*^^ (* (n) 



1 - <T 

i-r 



u; z A a (n) + a (n) A w 2 
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^r(«)\da (n) (* (n) 



where the second equality comes from the identities ^( n ),d*^) = - (d* (n) , ^(™)) = {(1 - q 2n )/(l - 
g~ 2 )}oj z , while the ^4(SU (? (2))-bimodule relations (|3.50[) of 1-forms in 51 1 (SU g (2)), as well as commutation 
relations among them (|3.52l) . give: 

uj z A (Uu} + + = q A Uto z A u> + + q~ i Vuj z A cj_ = -{Uu) + + Vui-) A oj z , 

so that uj z A a*"- 1 + a*™) A uj z — and the identity claimed in (|6.37l) is verified. □ 

Remark 6.6. The identity uj z A a^ 1 ' + a'™' Au 2 = also shows that the l-form ui z anti- commutes with 
every l-form in ^(S 2 ). 

Proposition 6.7. Given the covariant derivative V : £^ — > £n k+1 ^ from (|6.2ip with a gauge potential 
(jOO)) AW = -(1 - q 2n )(l - q- 2 )- 1 |* (n) ) a(*(")|, the operator V 2 : £^ -> can be written as: 



(6.38) 



V 2 (a\ = (er| A Fy = - (<r\ A { # (n) J> g n+1 [n](w_ A u;+ - da + q n+1 [n]a A a) }. 



PROOF. From the general expression (I6.22j) . the action of the operator V 2 on a (crj € Sn^ is linear, 
and given by the sum of three terms. The first one, recalling the result of the lemma 16.41 and the 
commutation rules (|3.50[) and (|3.52l) . is: 

-(dp (n) A dp (n) )p (n) = q- n - 1 [n}p {n ^ + A w_ 



(6.39) 



= -q n+1 [n] 



fr(»*)\ / \Jjr( n ) 



w_ A uj+ 



Since one has (cr| p( n ' = (<r|, being elements in the projective modules £n \ the other two terms in (I6.21[) 
are: 

' 1 - q 2n 



,(n) dA (n) p (n) = _ 



i-<r 



a"+>] 



1-g 
1-9" 



2n \ 2 



-q 2 (" +1 )[n] 2 



The sum of these three lines gives the curvature Fy 6 M|„| +1 <8>^i(s 2 ) ^ 2 (S 2 ) the expression: 



(6.40) 



*W J) a" +1 [n] (w_ Aw + -da + a" +1 [n]a A a) 



□ 



The isomorphism (|6.33p allows to formulate the curvature as a linear map F> 2 :L { n ] -^rtn\ defined 



by: 

(6.4i) z?^ = (v 2 H ) 

for a given = ^er, vfWV This operator can also be written in terms of the connection l-form 
Proposition 6.8. The operator D 2 : -> ti? defined in H5HP can 6e written as 



$(») 



(6.42) F> 2 = A {du;(z- n ) + a;( 2 - n ) A cj(*r")} = A (<^ (n) 

on any 6 . 

Proof. The proof is a direct application of the result in propositions 16.181 and 16.31 It is Dcj) 
d<t> - <t> A u)(z~ n ) with <j> € C [ n \ so that: 

D 2 <t> = &{D<t>) + {Dcf) A uj(z- n ) 

= -d{4> A Lj(z~ n )) + [64> - 4> A w(* _n )) A uj(z- n ) 
= —<fi A (dw(z- n ) + w(z- n ) A w(a!- B )). 
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The relation (|6.28p can be rewritten as oj(z n ) = — q 1+n [n](uj z + a), so to have: 
dw(« -n ) = -q 1+n [n]{doj z + da) = q 1+n [n](oj- A lo + — da), 
w(z~ n ) A w(z~ n ) = {« 1+n [n]} 2 (w* + a) A (w a + a) = q^ 1+n \n] 2 & A a, 

where the last equality in the second line comes from the remark [6.61 It becomes then clear to recover 



from (16.381) 



> A ? 1+ "[n]{w_ A w + - da + g 1+n [n]aA a} = ^ A ((f W F v 



meaning that the action of the operator D 2 can be represented by the 2-form ((\E'( ri ) | i*V l^"-*)) G 

4 2) . □ 

Remark 6.9. Recall from (|6.16p that, given <f> € Cn , the covariant derivative D : Cn — > Cffl has been 
defined in terms of the projector II associated to the connection as: 

Dcj) = (i- n)d0. 

Given the left A(S 2 ) -module isomorphisms C^ ~ f2 fc (S 2 ) <&a(s 2 ) = £n , the vrovosition \6.S\ shows 
that any connection written as a projector H as in (|6.11l) induces a gauge potential A^ n \ so to have a 
covariant derivative V : ft k (S 2 ) <£>a(s 2 ) &n ~* ^ fe+1 (S 2 ) ®^(s 2 ) &n- The operator D is then extended in 

(Oil) as D : C [ n ] -> in terms of the operator V, without using the projector II. This definition is 
perfectly consistent, but it seems natural to understand whether it is possible to define D : C n C^ 
via the projector II, and even whether it is possible to extend the domain of such a covariant derivative 
operator D from the set of horizontal forms C^ to the whole exterior algebra f2(SU q (2)), in analogy to 
the classical case 1)2.40 ■ 

Given 4> € C n , the most natural definition of a covariant derivative seems to be: 

(6.43) D<f>=(l- II)d</>, 

with the horizontal projector (1 — II) extended to fl 2 (SU g (2)) by assuming a compatibility with the wedge 
product 

fi 2 (SU 9 (2)) = {r» 1 (SU 9 (2)) <8U (S u,(2)) « 1 (SU g (2))}/5 Q - f! 1 (SU 9 (2)) A fi 1 (SU 9 (2)) 
so to have: 

(6.44) (i - n)r» 2 (su 9 (2)) = {(i - n)n 1 (su (? (2))} a {(i - n)n 1 (su,(2))}. 

It is easy to see that such a compatibility does not exist. To be definite, consider an example. Choose 
lu + € C_2, so that duj + = q 2 (l + q 2 )tJ z A cj + = —(1 + q~ 2 )uj + A lu z by the commutation properties of the 
A product (|3.52l) . Compute now: 

q 2 (l + q 2 )(l - U){lj z A = q 2 (l + q 2 ){(l - U)lj z } A {(1 - TI)lo+} = q 2 (l + q 2 )Vcu_ A w +) 

-(1 + g- 2 )(l - TT){u+ A oj z } = -(1 + q- 2 ){{\ - H>+} A {(1 - H>J = (1 + q- 2 )Voj_ A u+, 

The two expressions are different: the problem is that, for the given 3D calculus on _4(SU g (2)) ; one has 

(6.45) (1 - U)S Q £ S Q . 

Consider the 6 relations (13.520 generating Sq. An explicit calculation shows that, from the three of them 
not involving lo z , one has: 

{(l-H>+}A{(l-H> + } = 0, 

{(l-II)w_}A{(l-II)w_} = 0, 

{(1 - n>_} A {(1 - H>+} + g- 2 {(l - IIV+} A {(1 - n>_} = 0, 
while from the remaining terms: 

{(1 - n)uj z } A {(1 - n)w_} + g 4 {(l - H>_} A {(1 - U)u z } = (1 - q 4 )Uuj + A w_, 

{(i - n>j a {(i - n>+} + q- 4 {(i - n) w+ } a {(i - u)u z } = (1 - <r 4 )v^_ a w+, 

{(1 - II)uj z } A {(1 - n)uj z } = a A a. 
These computations show that only in the case of the monopole connection - that is a = - it is 

(6.46) (1 - n )S Q C S Q : 
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only in the case of the monopole connection it is consistent to set 

(i - n )fi 2 (su g (2)) = {(i - n )r» 1 (su 9 (2))} a {(i - iio^su^))} 

and to define 

(6.47) D -M k (SV q (2))^n k+1 (SV q (2)), D cj> = (1 - n )# 

The operator Dq is a 'covariant' operator: given (f> € ft fc (SU 9 (2)) such that A^V = 4> ® z"™, if 



ffc+i) 



(Do<j)) — Dq4> ® z n , and moreover Dq(/) G : Dq4> is horizontal. Note that C 



,(3) 



3, as f/ie 



calculus on S 2 is £D. It becomes an easy computation to prove that the restriction Dq : — > 
acquires the form: 



(6.48) 



z>otf = (i - n o )d0 



(-l) fe 0A Wo (^"). 



TTiis relation is the quantum analogue of the classical (|2.5|) . TTie classical covariant derivative of an 
equivariant differential form <f> can be expressed in terms of the connection 1-form u> only if such <j> is 
horizontal. In this quantum formulation, the classical condition that <fi is horizontal and equivariant has 



been translated into the condition (f) £ C n 



(fe) 



7. A gauged Laplacian on the quantum Hopf bundle 

With a covariant derivative V acting on the left A(S 2 )-projective modules £4 = Sl fc (S 2 ) ®^(s 2 ) £n 
and the ★-Hodge structure on the exterior algebra Sl(S^) introduced in section [5] it is possible to define 
a gauged Laplacian operator Dy : £^ — ► En^ as: 

(7.1) D v <cr| = *V*V (cr| 

on any (a | € £^ 0) . From the left A(S 2 )-linearity of the *-Hodge map, and the relation (|6.2ip . one has: 

V * V (a\ = d{*(V (cr|)}p (n) - (*V A A< n > 

= d{*[(d H)p (n) ] + (crj A (*A< n ))}p(") - {(*[(d H)p (n) ] A A< n > + (cr| A (*A< n >) A A< n >} 

(7.2) = d{*[(d (a\)p^]}p (n) + d{(a\ A (*A( n ))}p (n ) - *{(d (a\)p^} A A (n) - (a\ A (*A (n) ) A A^ 
The second term in the last line can be written as: 

d{(<r| A (*A< n ))}p(") = d{a\ A (*A( n >)p(™) + (a\ A {d(*A^)}p^ 

(7.3) = d (a\ A (*A (n) ) + (a\ A {d(*A (n) )}p (n) , 
while the third term in (|7.2D is: 

- * {(d H)p (,l) } A A< n > = - * (d (cr|)p (,l) A A< n ) 

(7.4) =-(*d(o-|) AA' 1 ' : 

in both the relations (|7.3p and (|7.4[) the specific property of right A(S 2 )-lhiearity of the *-Hodge map 
has been used, namely as *(A( n ))p(") = *(A^p^) = *A< n ) in (JESJ and as *{(d (a|)pW} = *(d (a\)p^ 
in (j?~4")) . Moreover, from the proposition [O] one has d (<r| A (*A (n) ) = -(*d (cr|) A A (n) , so that 

(7.5) *V*V(ct| =*d{*(d(a|)p^}p^-2*{(*d(CT|)AA^} + ( ( j|A{*d*A^}p^-(a|A*{(*A( n ))AA( n )} 

The four terms componing the gauged Laplacian can be individually studied. 
• Recalling the result of lemma one has: 

= g n+1 [n]*{ 4-(™^a<V n > } 

(7.6) = g n+1 [n]M n ^(*a)^ n ) . 

The fourth term in (|7.5p is, using once more the result of lemma 15.61 with ^(")| g 
- (crj A *{(*A (n) ) A A (n) } = — (cr| A q 2(1+n) [n] * { * (n) ^ (*a) A a (*< n > } 

(7.7) = -g 2 [n](o-| A |#( n) )(*{(*a) Aa})^ n ' . 



• From (|7.6p the third term in the expression (17.51) of the gauged Laplacian is: 

(a\ A {*d* AW}p( n ' = (a\ A q 1+n [n] * {d (\& n A (*a) (*H)}pW 
(7.8) = (tr| A g 1+ '>] * {P (,i) d ( * (n) ) (*A (n) ) ^* (n) ) p (n) }. 

The last term in curly bracket is, by the derivation property of d: 

p(")d ( (*A (n) ) <^ (n) ) p (n) = 

= *( n A^W,d* (n A(*a)W*W _ *(")^(* a ) (d¥ (n \*< n ^) (¥ n 1 + #( n A(d(*a))/* ( ") 



(7.9) 



*(»)\ {- g 1+B [n]w, A (*a) - <z 1+n [n](*a) A w 2 + d(*a)} 



(7.10) 



where the last equality comes from the identity df^ ) = -<? 1+ " [n]w z . Recalling the 

remark T6.6l and using the commutation rules f|3 . 50[) as they were used in (|7.7p . the expression 
becomes: 

(a\ A{*d*A( n) }p(' l) =q 1+n [n] (a\ A ★{ * (n) J> d(*a) <^ (n) } 
= ? 1_n [n] (<t| A ¥< n >\{*d*a}/tf< n > 



• It is now straightforward to analyse the second term in the expression (|7.5[) of the gauged 
Laplacian. From the definition (|6.30[) and the Hodge duality (|5.14[) , with again a = C/cj + + Vcj_ , 

U e £^ 0) and V € : 



2*{d (cr| A (*A' n ))} = 2ia'V g ' i+1 [n]*{(A + t>(cr|)cj 



(7.11) 



(7.12) 



2ia"vq[n]{(X + »{a\ ¥ n) ^V (^ {n) | + g 2 (A_> (<r|) tftoW/^W }*(u;_Au; + ) 
2g[n]{i/(X + >(a| tftoW^frW + 0(JE_i> <<r|) E/7#< n > } 

• To analyse the first term in (|7.5p . which is the only one not depending on the gauge potential 
a, start with: 

*{(d H)p(">} = * ({(*+> (<r|)a, + + (*-> <<r|)«_}l>< n >) 
= mx+>(a\)p^uj + + (A_> (ct|)p^cj_} 
= -ia"v{(X + >(a\)p {n) Lj + - (A_>(a|)p (n) w_} 



so to have: 
d*{(d(a|)p(">} 

(d*{(d<a|) P W}) 



uj- A uj+ — X-t> 



{X_>(a\}p^ 



u> + A oj- 



(7.13) 



-ia"v [X_t> 
-ia" (vX_> 
- ( vX_> 



{X + >(a\}p^ 
{X + >(a\}p^ 



q 2 X+> 

■px+> 



{X_»{a\}pW 



ui_ A uj + 



{A + > (a|}p {n) ] + /3A+> [{A_> (a|}p (n) ] ) 



The gauged Laplacian can be seen as an operator : Cn — > >Cr^ via the equivalence between equivari- 
ant maps G and section of the associated line bundles a € , represented by the isomorphism 
in proposition 13.31 

(7.14) n D ^=(D v (a\) 
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on any equivariant <j> = (a, VIA™)). The terms (X±> (er|) IvlK 71 )) in (|7.1ip and (|7.13p need a specific analysis. 
Given the coproduct AX± = 1 (g) X± + X± <g> K 2 , one has: 



(X ± > (a\ 



(")\ _ 



= (*±>{<K* (n) }) 



</>(X ± > ( *w ) 



g-"(X±>0) 



(7.15) = <T"(*±><«- 

This last equality is clear from (|3.26p with X + and n < 0, and with X_ and n > 0. In the other two 
cases, it is possible to apply once more the deformed Leibniz rule to products of elements in _4(SU 9 (2)), 
having: 



q n (X±>(^ ) 



#(") 



= x±>/¥ n \^ n n - 
= x±>(i) - (X±> 



(X±> 



v[/( n ) 



= 0; 



(7.16) = - (*W 

since again from (|3.26p one has X + > |*( n )) = with n > 0, and X_> = with n < 0. 

Recollecting the four terms from (|7.5p and making use of the relation (|7.15p . one has: 

-(tA*{(*A("))AAW} tfWN = -g 2 [r#A*{(*a) A a}, 
a A{*d*A< n >} ¥< n >\ = ^""[nJ^A^d^a}, 
2*{daA(*a)} = -2q 1 -"[7i] (zy(A+>0)F + /3(X_c*£)f7) , 

(7.17) [*(d*{(d<7)pW})l = -q- 2 ™(^A_X++/3X + A_)></>. 

It is clear that the gauged Laplacian operator can be completely diagonalised only if one chooses the 
gauge potential a = 0, that is if one gauges the Laplacian by the monopole connection. Such a gauged 
Laplacian Od ■ — ► £n°' ) can be written as: 

(7.18) U Do cp = -q- 2n {vX-X+ + f3X + X-)o& 
The diagonalisation is straightforward, following (I4.22p . One has: 



for^G 4°). 



(7.19) 



n Do <p n>J<l = - g x ->{[j - + 1 + -]} - g- 1 -' 

= _g 1 -» v {2[J-5[J + l + ;] + [n]}^ 



Recall the Laplacian operators on _4(SU g (2)) and on A(S 2 ) from equations (|4.2ip and (|5.18l) : 



□su 9 ( 2) ^ - -{vx_x+ + px+x_ + jX z X z )>4,, 

LW = -(^_A+ + /3A+A_)>/, 



/ G -4(S 2 ) ~ C 



,(0) 

-o i 



(7.20) 



□ 



Do 



-q~ 2n (vX_X + + /3X+X-) ><f 
AO) 



One has that the restriction of Or> to <fi G £g coincides with the operator D S 2 . Moreover it is now 
possible to generalise to the quantum Hopf bundle with the specific differential calculi studied so far, the 
classical relation (|l.ip . from which this analysis started: 



(7.21) q' n n Do >4> = (□su,(2) + lX z X z ) ><j>, 

This relation appears as the natural generalisation of the classical relation (jl.ip to this specific quantum 
setting. The quantum Casimir operator (|3.2ip can not be written as a polynomial in the basis derivations 
Xj (|3.45p of the 3D left covariant calculus from Woronowicz, so its role is played by the Laplacian 
Dsu (2) • Its quantum vertical part can still be written as a quadratic operator in the vertical field X z of 
the quantum Hopf fibration. 

8. An algebraic formulation of the classical Hopf bundle 

The aim of this section is to apply the formalism developed to study the quantum Hopf bundle to 
the case when all the space algebras are commutative, in order to recover the standard formulation of 
the classical Hopf bundle described at the beginning of the paper, from a dual viewpoint. 
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8.1. An algebraic description of the differential calculus on the group manifold SU(2). 
Rephrasing the relations (|2.8p which define the matrix Lie group SU (2), the coordinate algebra A(SU(2)) 
of the simple Lie group SU(2) is the commutative *-algebra generated by u and v, satisfying the spherical 
relation u*u + v*v = 1. The Hopf algebra structure is given by the coproduct: 

(8.1) A 

antipode: 

(8.2) 

and counit: 
(8.3) 

The universal envelopping algebra U(su(z)) is the Hopf *-algebra generated by the three elements e,f,h 
which satisfy the algebraic relations (|2.12[) coming from the Lie algebra structure in su(2): 

[e,f] =2h, 
[f,h] =f, 

(8.4) [e,h]=-e. 
The ^-structure is: 

h* = h, e* = f, f* = c, 
and the Hopf algebra structure is provided by the coproduct: 

A(e) = e<8>l + l®e, 
A(f) = f®l + l®f, 
A(h) = h®l + l(g)h; 



antipode: 

and a counit which is trivial: 



S(e) 



-e, 



S(i) = -f, 5(h) = -h; 



e (e) = e (f) = e(h) = 0. 



The centre of the algebra U(su(z)) is generated by the Casimir element: 



(8.5) 



C = h 2 + -(ef+fe) 



The irreducible finite dimensional ^-representations <jj of lA{su(z)) are well known and labelled by non- 
negative half-integers j E |N. They are given by: 

^'(h) \j, m ) = m\j,m) , 



°j( e ) li> m ) = VU - m )U + m + 1 ) b'. m + !) 



(8.6) 



a 3 (f ) li> m ) = V (i - m + + m ) li: m - 1) • 



The algebras A(SU(2)) and U(su(z)) are dually paired. The bilinear (|3.7C mapping 
A(SU(2)) — > C, compatible with the ^-structures, is set by: 



U(su(i)) x 



(8.7) 



(h,u) 
(h,u* 
(e,v) = 1, 
<f,«*)=-l 



-1/2, 
1/2, 



all other couples of generators pairing to 0. This pairing is non degenerate: the condition (/, x) = V7 G 
U{su{z)) implies x = 0, while (Z,ar) = Vx € ^(5t/(2)) implies = 0. 

It is possible to prove |21j that a finite dimensional vector space X C of linear functionals on a 
Hopf algebra H is a tangent space of a finite dimensional left covariant first order differential calculus 
i&CH), d) if and only if Z(l) = and (A(X) -e®X) e X ® H°, for any X <E X, where C is 
the dual Hopf algebra to H. The ideal Q = {ie ker e-u '■ X(x) = OVX e A"} characterises the calculus, 
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the bimodule of 1-forms being isomorphic to = flu n (H) /Nq with Nq = r Q). This result 

shows the path to prove the following proposition. 



Proposition 8.1. Given the nondegenerate bilinear pairing ( , ) : U(su(z)) x A(SU(2)) — > C as in (|8.7I) . 
the set {e,f, h} of generators inU(su(z)) defines a basis of the tangent space Xsu(2) for a bicovariant 
differential ^-calculus on A(SU(2)). Such a differential calculus is isomorphic to the differential calculus 
(|2.24[) . once the algebra C oa (S 3 ) is restricted to the polynomial algebra A(SU(2)). 

Proof. The definition of counit in the Hopf algebra U{svl{i)) shows that the generators l a — {e, f , h}, 
seen as linear functionals on A(SU(2)) via the pairing, are such that: 

e(l) = (e,l) = £ (e) = 0, 
f(l) = (f, 1) = e(f) = 0, 
h(l) = (h, 1) = e (h) = 0; 

while the coproduct relations can be cast in the form: 

A(e) -l®e = e®l, 
A(f)-l<8f = f®l, 

(8.8) A(h) - l®h = h® 1; 

thus proving that the set {e, f, h} in U (511(2)) defines a complex vector space basis of a tangent space 
Xsu(2) for a left covariant differential calculus. The obvious inclusion Xgy,^ C Xsu{2) proves, as 
described in section [3J that such a calculus admits a * structure. 

In order to recover the ideal Qsu(2) C ker £su(2) for this specific calculus, consider a generic element 
x 6 keregf/^)- It must necessarily be written as x = {(u — l)x±,(u* — l)x2, vx%, v*x<i} with Xj € 
A(SU(2)). Such an element x will belong to Qsu(2) if ('a> x) =0 for any of the generators l a £ U(su(z)), 
since they form a vector space basis for the tangent space Xsu(2) relative to this calculus. For the element 
x = {u — \)x\ the three conditions are: 

(e, (it - l)xi) = (e, u - 1) (1, xi) + {l,u- 1) (c, m) = 0, 
(f , (u - l) Xl ) = (i,u- 1) (1, Xl ) + (1, u - 1) (f , x x ) = 0, 

(8.9) (h, (u - l) Xl ) = (h,u- 1) (1, Xl ) + (l,u- 1) (h, xi) = -- (1, Xl ) = --e(si), 

where, in each of the three lines, the first equality comes from the general properties of dual pairing 
and from the specific coproduct in IA (511(2)), while the final result depends on the specific form of 
the pairing. This means that x = (u — l)x± belongs to Qsu(2) if arL d only if x± € ker £su(2)- The 
analysis is similar for the other three elements x = {(u* — l)x2, VX3, v*x^\. It is then proved that 
this left covariant differential calculus on A(SU(2)) - whose tangent space is 3 dimensional - can be 
characterised by the ideal Qsu(2) — {ker £su(2) } 2 C ker £su(2), which is generated by the ten elements: 
Qsu(2) = {(« ~ I) 2 , (u - 1)(«* - 1), (u - l)v, (u - (u* - l) 2 , (u* - l)v, (u* - l)v*,v 2 ,vv*,v* 2 }. The 
equation f|3.5[) allows then to write the exterior derivative for this calculus as: 



(8.10) da; = (et>x)co c + (f>x)wf + (h[>x)wh 

The commutation properties between the left invariant forms {ui e , u)$ , uj^} and elements of the algebra 
A(SU(2)) depend on the functionals f a b defined as A(/ a ) = l®l a + lb® fba- From (|8.8I) one has f a b = S a b, 
so 1-forms do commute with elements of the algebra A(SU(2)), u a x ~ xoo a . 

The ideal Qsu(2) is in addition stable under the right coaction Ad of the algebra A{SU{2)) onto 
itself: Ad(Q5;7(2)) C Qsu(2) <8> A(SU(2)). The proof of this result consists of a direct computation. 
The stability of the ideal Qsu(2) under the right coaction Ad means that this differential calculus is 
bicovariant. 

The explicit form of the left action of the generators of U(su(z)) on the generators of the coordinate 
algebra A{SU{2)) is: 

h>u = — hu &>u = —v* f>u = 

, . h>u* = \u* et>u* = f>it* = v 

h>v = — et>v — u* f>u = 

h>v* — \v* eov* = f>u* = —u 
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Starting from these relations it is immediate to see that the left action of the generators l a £ M(su(z)) 
is equivalent to the Lie derivative along the left invariant vector fields L a (|2.11j) . This equivalence can 
now be written as: 

e>(x) = —iL + (x), 
ft>(x) = — iL~(x), 

(8.12) h>(x) = iL z (x), 

and it is valid for any x £ A(SU(2)), as the Leibniz rule for the action of the derivations L a is encoded 
in the definition of the left action (13.61) and the properties of the functionals f a b = <5 a i>- From relation 
(18.1 Op it is possible to recover: 

1 

cm = — v u c — -«Uh, 

du* = VLJf + -M*Wh, 

1 

dv = u uj c - -vu h , 
dv* = —ucj{ + —v*0Jh.- 

These relations can be inverted, so that left invariant 1-forms {u> c , Wf , uj^} can be compared to (|2.21|) : 

uj c = udv — vdu = iu)+, 
ojf = v*du* — u*dv* — mD_, 

(8.13) co h = -2(u*du + v*dv) = -iw z . 

The *-structure is given, on the basis of left-invariant generators, as a;* = —u>f, = —u)^. The equalities 
(I8.13[) , which are dual to (|8.12[) . represent the isomorphism between the first order differential calculus 
introduced via the action of the exterior derivative in (|8.10[) . and the one analysed in section |2~T1 

□ 

It is now straightforward to recover this bicovariant calculus as the classical limit of the quantum 3D left 
covariant calculus (0(SU g (2), d) described in section l3~.4. II In the classical limit _4(SU 9 (2)) — > A(SU(2)) 
as q — > 1, with (j> — > x, one has: 

uj + — > lu c , (X+>4>) — > (e>x), 

uj- -> u){, (X_>0) -> (f>x), 

wW-jWh< {X z >4>) -> (-2h>x). 

The coaction of A(SU(2)) on the basis of left invariant forms defines the matrix (uj a ) = u>b®Jb a : 

A^\oj{) = U>{ ® u* 2 + u> h (g) u*v* -LU c (g)V* 2 , 

A^ (u>h) = —CJ{ <8> 2u*v + u>h <g> (u*u — v*v) — uj c ® 2uv* , 

(8.14) (uj c ) = -ojf ® v 2 + uj h (g> uv + uj c (g> u 2 , 

which is used to define a basis of right invariant one forms r\ a = LUbS(Jba)'- 

rjf = u 2 uj{ — uv*u>h — v* 2 oj c = v*du — udv* , 

ryh = 2uvoj{ + (uu* — vv*)^ + 2u*v*uj c — 2(udii* + v*dv), 

(8.15) rj c = —v 2 ujf — u*vuih + u* 2 uj c = u*dv — vdu*; 

- note that it has been made explicit use of the commutativity between forms u> a and elements of the 
algebra A{SU{2)). The right acting derivation associated to this basis are given by (I3.12|) as 

dx = f] a <i{-S^ 1 {l a )) = r/ a <l a 

for any x € A(SU(2)), since an immediate evaluation gives S ,_1 (Z a ) = —la for the three vector basis 
elements of the tangent space l a £ X . Using again the commutativity of the right invariant one forms 
r] a with element of A(SU(2)), the action of the exterior derivation (|8 . 10[) can be written as: 

(8.16) dx = (x<{)r){ + (x<h)?7h + (x<e)?7e. 
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Comparing (|8TT5|) to (ET2"2")l one has: 



m = lr l-, 
Vh = -ifjz, 

(8.17) r) e = ifj+, 

while for the right action of the generators l a on A(SU(2)) one computes: 

u<h = — ^u u<e = u<f = i; 

, . u*<ih = i«* u*<e = -v* it*<f = 

u<ih = |d w<ie = u uof = 

w*<ih = — 7}V* v*<e = u*<if=— u*; 

so that the identification with the action of the right invariant vector fields (|2.14p can be recovered as: 

(x)<f = -iR-(x), 
(x)<e = —iR+(x), 

(8.19) (x)<Ax = iR z (x), 

being dual to the identification (]8. ITf) . It is also evident that relations (|8.17[) and (|8.19l) define a different 
realisation of the isomorphism between the differential calculus introduced in this section (|8.16[) and the 
differential calculus from section |2~T1 

Remark 8.2. The identification (|8.12j) can be read as a Lie algebra isomorphism between the Lie algebra 
{e,f, h} given in (|8.4p and the Lie algebra of the left invariant vector fields {L a } (|2.12[) : 

(8.20) e = -iL + , i=-iL_, h = iL z . 

The notion of pairing between the algebras U (su(z)) andA(SU(2)) can be recovered as the Lie derivative 
of the coordinate functions along the vector fields L a , evaluated at the identity of the group manifold. 
The terms in (|8.7j) giving the nonzero terms of the pairing are: 

£*(«)lid = 5 => (M> = 4 



L z (u*)\ id = -$ (h, 



id — ~2 ~' \"> U I ~ 2 

L+{v)\ id = i => (e,u)=l 

L_( v *)| id = -* =4- (i,v*) = -l 

The whole exterior algebra f2(5J7(2)) can now be constructed from the differential calculus (|8.10D . 
Any 1-form 9 G il 1 (SU (2)) can be written on the basis of left invariant forms as 6 = x^uJk = ^kXk 
with Xk G ^4(S I J7(2)). Higher dimensional forms can be defined by requiring their total antisimmetry, 
and that d 2 = 0. One has then io a A u>b + A u> a = and: 

dcjf =ui] A Wf, 

dw c = uj c A w h , 

(8.21) dw h = 2w f A w B . 

Finally, there is a unique volume top form ujf A w e A Wh • 

The algebra A(SU(2)) can be partitioned into finite dimensional blocks, whose elements are related to 
the Wigner D-functions [3 6) for the group SU{2). Considering all the unitary irreducible representations 
of SU (2), their matrix elements will give a Peter- Weyl basis for the Hilbert space C 2 (SU (2), n) of complex 
valued functions defined on the group manifold with respect to the Haar invariant measure. The Wigner 
D-function D^ s (g) is defined to be the matrix element (k,s are the matrix indices) representing the 
element g ~ (it, v) in SU (2) (|2.8[) in the representation of weight J. They are known: 



l 



3.22) J D^ = H) s + fc [(J + s )!(J- s )!(J + fc)!(J-fc)!] 1 /2V(_i)^. 



u *l v * J — k~l J — s — l u *k+s+l 



^ ~' 1\{J - k - 1)\{J - s - l)\(s + k + 1)\ 

with J = 0, 1/2, 1, . . . and k = — J, . . . , + J, s = — J, . . . , +J. In (|8.22[) the index I runs over the set 
of natural numbers such that all the arguments of the factorial are non negative. To illustrate the 
meaning of this partition, proceed as in the quantum setting, and consider the element u* G A(SU(2)). 
Representing the left action f> with a horizontal arrow and the right action <ie with a vertical one yields 
the box: 

u* — >• v 

(8.23) | | 

—v* — > u 
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while starting from u* 2 £ A{SU(2)) yields the box: 



(8.24) 



u* 2 ->■ 2u*v 
2u*v* ->■ 2(u*u-v*v) 
-> — Av*u 



2v 



i2 



2v 2 
I 

I 
Au 2 



A recursive structure emerges now clear. For each positive integer p one has a box W p made up of the 
(p + 1) x (p + 1) elements w p -t, r — f t >u* p <\e r . An explicit calculation proves that: 

"I 1/2 



.25) 



t\r\ 



D 



p/2 

t-p/2,r-p/2 



_{p-t)\(j>-r)\_ 

with t < p,r < p. As an element in U(su(z)), the quadratic Casimir C (|8.5p of the Lie algebra su(2) 
acts on x S A(SU(2)) as C>x = x<C, and its action clearly commutes with the actions ft> and <e. This 
means that the decomposition A(SU(2)) — ®j£nW p gives the spectral resolution of the action of C: 



(8.26) 



Ct>w 



p:t,r 



+ ^P^r- 





u 


* 

— V 




z 





n 


V 


u* 







z* 



8.2. The bundle structure. 

8.2.1. The base algebra of the bundle. Given the abelian *-algebra A(\J(1)) — C[z, z*]/ < zz* — 1 >, 
the map tt : A(SU(2)) -> (U(l)) 

(8.27) 

is a surjective Hopf *-algebra homomorphism, so that .A(U(1)) can be seen as a *-subalgebra of A(SU (2)), 
with a right coaction: 

(8.28) A fl = (l®7r)oA, A(SU(2) -> A(SU(2)) ® A(V(l)). 

The coinvariant elements for this coaction, that is elements b 6 A(SU(2)) for which A^(6) = &® 1, form 
the subalgebra ^(S 12 ) C A(SU(2)), which is the coordinate subalgebra of the sphere S 2 . From: 

Ar(u) = u® z, 

Ar(u*) = U* ® 2*, 
Afl(j)) = U ® 2, 

(8.29) A fi (u*) = «* ® z*, 
one has that a set of generators for A(S 2 ) is given by (|2.39l) : 

b z = uu* — vv* , 

y = UV + VU , 

(8.30) b x — —i(vu* — uv*) 

The comparison with section l2~3l shows that 7r dually describes the choice of the gauge group U(l) as 
a subgroup of SU(2), whose right principal pull-back action fj£ is now replaced by the right ,4(U(1))- 
coaction Ar. The basis of the principal Hopf bundle S* 2 ~ 5 f C/(2)/U(l) will be given as the algebra A(S 2 ) 
of right coinvariant elements b a S A(SU(2)), which is a homogeneous space algebra. The coproduct A 
of A(SU{2)) restricts to a left coaction A : A{SU{2)) h-> A{SU{2)) ® „4(S* 2 ) as: 

b h + 2u*v* ® 6 e , 
8)6 C . 

6 Z . The choice of this specific basis shows 



A(6 f ) = u 2 ® 6 f - v*u ® 6 h - u* ; 
A(6h) = 2w ® 6f + (w*u — v*v) 
A(b e ) = —v 2 ® b{ - u*v ® 6 h + 1 
b c = l/2(b y + ib x ) = ra*, 6 h 



,*2 



UV 



(8.31) 

with 6f = l/2(b y — ife^ 

that A(b a ) — S(Jka) ® frfc where the matrix J is exactly the one defined in (|8. 14[) as A^(w a ) = ® Jb a - 
The identification (|8.12[) between the left action h>x - given the generator h e W (511(2)) on any 
x € ^4(5f(2)) - and the action iL z (x) - given the left invariant vector field L z - as well as the definition 
of the *A(U(l))-right coaction Ar on A{SU{2)) (18.29[) . allow to recover the set of the U(l)-equivariant 
functions C A{SU{2)) in (12~3D as: 



.32) 



4°> = {<f> e A{SU{2)) 



htxj) = -<j> A R (^) 
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8.2.2. A differential calculus on the gauge group algebra. The strategy underlining the proof of the 
proposition [Sj] brings also to the definition of a differential calculus on the gauge group algebra _4(U(1)). 
The bilinear pairing (-,-) : U{su(x)) x A(SU(2)) -> C (f5T7|) is restricted via the surjection tt (|5T27)l to 
a bilinear pairing (•, •) : I4{h} x _4(U(1)) — > C, which is still compatible with the ^-structure, given on 
generators as: 

(M> = -|, 
<m->4 

The set X\s(i) = {h} is proved to be the basis of the tangent space for a 1-dimensional bicovariant commu- 
tative calculus on _4(U(1)). The ideal Qu(i) C kereu(i) turns out again to be -4u(i) = (kereu(i)) 2 gener- 
ated by {(z — l) 2 , (z — — 1), (z^ 1 — l) 2 }, which can also be recovered as Qu(i) = ^"((keres^)) 2 ). 
From: 

h>z = — z, 
2 ' 

hl>z _1 = -z~ x , 
2 



one has that: 



dz = — zui, 
2 



(8.33) dz' 1 = ^z^Cj 

with zdz = (dz)z. The only left invariant 1-form is 

u> = -2z~ 1 dz = 2zdz~ 1 , 

while the role of the right invariant derivation associated to h G W{h} is played by — S _1 (h) = h, so that 
the right invariant form generating this calculus is: 

dz = fj(z<h.) = fj{— \z) =>■ f\ = —2z~ 1 dz, 

dz -1 = ?)(z _1 <lh) = r)(iz _1 ) =>■ f] = 2zdz~ 1 

so that one obtains f] = ui. 

It is possible to characterise the quotient kereu(i)/Qu(i) = kereu(i)/(kereu(i)) 2 - The three elements 
generating the ideal Qu(i) — (kereu(i)) 2 can be written as: 

e=(z-l)(z- 1 -l) = (z-l) + (z- 1 -l), 

i' = {z-i){z-i) = i+i{z-i), 
c" = (z- l -i)(z- l -i) = e + ^- l -i) > 

so that Qu(i) can be seen generated by £ = (z— l)+(z~ 1 — 1). Set a map A : ker£u(i) — > C by \(u(z— 1)) = 
Ejez^J' wn ere u = J^/g z ^i- 2 "* ^ s generic element in .4(11(1)). The techniques outlined in lemma f3T4l in 
the quantum setting enable to prove that A can be used to define a complex vector space isomorphism 
between kere U ( 1 - ) /(kere U ( 1 )) 2 and C, whose inverse is given by A -1 : w € C h-> A _1 (w) = w(z — 1) e 
kereu(i)- It is evident that such a map A gives the projection 7tq u(1) : kereu(i) — > kereu(i)/Qu(i) — C, 
since it chooses a representative in each equivalence class in the quotient kereu(i)/ Qu(i)- 

8.2.3. XTie Hopf bundle structure. With the 3D bicovariant calculus on the total space algebra 
A(SU(2)) and the ID bicovariant calculus on the gauge group algebra .4(11(1)), one needs to prove 
the compatibility conditions that lead to the exact sequence: 

-> A{SU{2)) (n 1 (S 2 ))A(SU(2)) -> 

-»■ H 1 (^(5C/(2)) 4(51/(2)) ®kere u(1) /C u(1) -+ 0, 

where the map ~a/" S[ /( 2 ) i s defined as in the diagram (|3.15[) which now acquires the form: 

n 1 (su(2)) un " e -^ 2) n 1 (A(su(2)) 

(8.34) i x l~tf S um) 

A(SU (2)) ®kere m) ld ^ u(1 > A{SU(2)) ® (kere u(1) /Q u(1) ) . 

52 



The proof of the compatibility conditions is in the following lemmas. The first one analyses the right 
covariance of the differential structure on A(SU(2)). 

Lemma 8.3. From the 3D bicovariant calculus on A(SU (2)) generated by the ideal Qsu{2) — (ker £577(2) ) 2 C 
keres[/(2) given in vrovosition \8.1[ one has ArN"su(2) C N'suVX) <8«4.(U(1)). 

Proof. Using the bijection given in (|53|l . it is JT2 1 (5"f7(2)) ~ U 1 (SU{2))/Msu{2) with yV 5; y(2) = 
r -1 («4.(£Z7(2)) ® Qsj/(2))- For this specific calculus one has that M$u(2) is the sub-bimodule generated 
by {8(j>6ip} for any <j>,ij) g .A(S77( 2 ))> whexe 50 = (1 ® ^ - 0® 1) G fl 1 (SU(2)) w . Choose G ££ 0) and 
j/> G £m so to have A#0 = <\>®z~ n and A^t/i = ip(&z~ m . Extending the coaction A# to a coaction A# : 
^(5 , t/(2))<g)^(S*C/(2)) -> ^(5J7(2))®^(5U'(2))®yl(C7(l)) as A fl = (id® id®TO)o(id®T®id)o(Aji®Afl) 
in terms of the flip operator t, it becomes an easy calculation to find: 

&R(6<j>8i>) = (1 ® <fnp + <fnp ® 1 - <f> ® - ip ® <f>) 

= (1®0V + 0V'®1-0®V , -V'®0)® z~ m ~™ = (5</» H) ® z~ m ~ n . 

□ 

Lemma 8.4. The map \ : 9}{SU{2)) un -> .4(SC/(2)) ® A(U(1)) de/med m (13714) as x = (m ® id) o 
(id ® Ajj) is surjecive. 

Proof. The proof of this result closely follows the proof of the proposition I3.2I From the spherical 
relation 1 = (u*u + v*v) n = YZ=o ( a ) u* a v* n ~ a v n ~ a u a it is possible to set |* (n) ) a G £ { n } for 
a = 0, . . ., \n\ with = 1 as: 

;/ > : ¥ n) ) = 
/ a 




n < 

Fixed n G Z, define 7 = (*(-"), Since | #(-")) g one computes that x(t) = 1® (z n - 1), 

and this sufficient to prove the surjectivity of the map x> being x left A(SU (2))-\mea.v and kere^m is a 
complex vector space with a basis (z n — 1). 

□ 

Lemma 8.5. Given the map \ as i n the previous lemma, it is x(-^su(2)) C A{SU{2)) ® Qu(i)> where 
Nsu(2) is as in lemma HOI and <2u(i) = (kereu(i)) 2 - 

Proof. To be definite, consider <f> g ££ ^ and ip € £m . One has: 

X{8<t> Sip) = U® {z- n ~ m + 1 - z- n - z- m } 

= H ® {(1 - - z" m )} C -4(S£/(2)) ® (kere u(1) ) 2 . 

□ 

The results of these lemmas allow to define the map ~N SU ny ^i 1 (SU(2)) —> „4(S , £/(2))®ker£ U (i)/ / <2u(i) 
from the diagram (|8.34[) . Using the isomorphism A : kereu(i)/ 2u(i) ~~ ► C described in section l8.2.2l one 
has: 

~A/W(2) ( W c) = 

~AA sa(2) (wf) = 

(8.35) ~^ su(2) (wh) = -2 ® 7r Cu(1) (at - 1) = -2 ® 1. 

The next lemma completes the analysis of the compatibility conditions between the differential 
structures on A(SU(2)) and on „4(U(1)). The horizontal part of the set of fc-forms out of il k (SU(2)) is 
defined as Q k loI (SU(2)) = n k (S 2 )A(SU{2)) = A(SU(2))Q k (S 2 ). 

Lemma 8.6. Given the differential calculus on the basis f2 1 (S' 2 ) = £l 1 (S 2 ) un /J\fsz with Ms? =Nsu{2) H 
n\S 2 ) un , it is ker ~w S£r(2) = n\S 2 )A(SU(2)) = A(SU(2))Q 1 (S 2 ) = Qi OT (SU(2)). 
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Proof. Consider a 1-form [77] 6 fl 1 (SU(2)) and choose the element 77 = ip 8<j> £ fl 1 (SU(2)) un as a 
representative of [77], with (j) € and ^ € £m ■ One finds: 

x (ipS(j)) = ip(f>®{z- n - 1), 

~Ksu(2) (V) =*p(t>® 7T Qu(1) (Z~ n - 1). 

Recalling once more the isomorphism A : ker £rj(i) /Sufi) ~~ ^ C, it is A(z~™ — 1) = if and only if n = 0, 
so to have rj — S(j> with 50 € ri 1 (S' 2 ) u „ and then 77 e ri 1 (S ,2 ), m .4(U(l)). It is clear that the condition 
x(Nsu(2)) ^ A(SU(2)) ® Qu(i) proved in lemma [531 ensures that the map ~jv sc , (2) is well-defined: its 
image does not depend on the specific choice of the representative 77 6 [77] C fl 1 (SU(2)). 

□ 

The property of right covariance of the calculus on A(SU(2)) - proved in lemma lSTBI - allows to extend 
the coaction A R to a coaction A^° : Q k (SU(2)) -> Q k (SU(2)) <g> A{U(1)) viaA^od= (d® id) o A^ fe_1) . 
Via such a coaction it is possible to recover (12.421) the set Qr(SU(2)) p .. as the p( ra )(U(l))-equivariant 
k-forms on the Hopf bundle: 

n k {SU(2)) P(n) n k (SU{2)): Kf^) = ^®z' n }. 

as well as the .4(S ,2 )-bimodule £^ of horizontal elements in Q k (SU(2)) P(n) . 

8.2.4. Connections and covariant derivative on the classical Hop} bundle. The compatibility condi- 
tions bring the exactness of the sequence: 

(8.36) — ► n{ OI (SU(2)) — ► n 1 (SU(2)) ^ (2) A(SU(2))®keie m) /Qu{i), 

whose every right invariant splitting a : A(SU(2))®ker £u(i)/Qu(i) fl 1 (SU(2)) represents a connection 
(|6.3p . With w £ C ~ kerexj(i)/Qu(i)j one nas: 

7VJ 

cr(l ® u;) = ~-^-( w h + CAj c + VWf), 
w 

(8.37) tr(0® to) = -— (p{uJh + Uuj c + Vuj f ) 

where (f> £ A(SU(2)), and U £ , V £ £, {0) 2 . The right invariant projection defined in ((531) n : 
fi 1 (S'C/(2)) ->■ n 1 (SU(2)) associated to this splitting is, from (jlP5l) : 

n(w e ) = n(wf) - 0, 

(8.38) n(w h ) = w h + ?7w c + Vw f . 

The connection one form cj : -4(U(1)) i-> 1 (5C/(2)) defined in ((B3J is: 

71 

(8.39) w(z") = <r(l ® [z" - 1]) = - - (w h + I7w e + 7w f ). 

The horizontal projector (1 — II) : 57 1 (S'?7(2)) — > 51 1 1 lor (S'[/(2)) can be extended to whole exterior algebra 
Q(SU(2)), since it is compatible with the wedge product: one finds that {(1 — H)w a A (1 — n)cjfc} + {(1 — 
n)cj& A (1 — II)w a } = or any pair of 1-forms. This property, which is not valid in the quantum setting 
for a general connection - recall the remark 16.91 -, allows to define an operator of covariant derivative 
D : n k (SU(2)) i-> n k+1 (SU(2)) as: 

(8.40) D<p = (1 - R)d<p, V (j> £ Sl k (SU(2)). 

This definition is the dual counterpart of definition (|2.4I) . It is not difficult to prove the main properties 
of such an operator of covariant derivative D: 

• For any (j> £ n k {SU(2)), D</> £ n k + 1 (SU(2)). 

• The operator D is 'covariant'. One has A^V = (f>® z n & A^ +1) (D</>) = D(f><g)z n . 

• Given0e ffl , that is <j> £ Vl k im (SU{2)) such that A^V = ® z n , it is D<j) = d<j) + uj{z n ) A <j>. 
This last property recovers the relation (|2.5[) . 
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9. Back on a covariant derivative on the exterior algebra £l(SU g (2)) 

The analysis in section \§\ presents the formalism of connections on a quantum principal bundle [6 
and explicitly describes both the set of connections on a quantum Hopf bundle and the corresponding 
set of covariant derivative operators V : £^ — > £li +1 ^ acting on fc-form valued sections of the associated 
quantum line bundles. The left _4(S^)-module equivalence between £^ and horizontal elements Cn C 

f^ or (SU,j(2)) allows then for the definition of a covariant derivative operator D : £„' —> £l fc+1 ) with 
fc = 0,1,2. 

The equation (|6.45D in remark f6.9l clarifies the reasons why, presenting a connection via the projector 
(gUP II : fi 1 (SU g (2)) -> fi 1 (SU ? (2)) given in ([532]) . the operator D = (1 - II)d : ^ 1 (SU,(2)) -> 
ri^ or (SU g (2)) as in (|6.43[) defined a consistent covariant derivative on the whole exterior algebra Q(SU g (2)) 
only in the case of the monopole connection: the operator (1 — II) : f2 1 (SU g (2)) — > Qj; or (SU g (2)) is a 
covariant projector compatible with the properties of the wedge product (|6.46[) in the exterior algebra 
57(SU g (2)) only if the connection is the monopole connection. 

The problem of defining, for any connection on a principal quantum bundle, a consistent covariant 
projection operator on the whole exterior algebra on the total space of the bundle whose range is given 
by the horizontal exterior forms has been studied in |12L I13j . The aim of this section is, from one side, 
to describe the properties of the horizontal projector arising from that analysis, and then to show that in 
such a formulation of the Hopf bundle more than one horizontal covariant projector can be consistently 
introduced. 

As already mentioned, the formulation presented in [121 113] of the geometrical structures of a 
quantum principal bundle slightly differs from that described in section 13.21 and a comparison between 
them is in [14] , This formalism will not be explicitly reviewed: the main results concerning how to 
define an horizontal covariant projector will be translated into the language extensively described in the 
previous sections. 



The differential ^-calculus (fi(U(l)),d) on the gauge group algebra U(l) is described in section 
13.4.21 It canonically corresponds to the right _A(U(l))-ideal <2u(i) ^ kereu(i) generated by the element 
{(z* — 1) + q 2 (z — 1)}, so that by lemma \3A\ it is r2 1 (U(l))i nv — ker £u(i)/Qu(i) — C. Such a calculus is 
bicovariant: given the left and right coactions (|3.2j) of the *-Hopf algebra _4(U(1)) on f2 1 (U(l)) one has 
that the 1-form lu z is both left and right invariant, 

fgl x : 17 1 (U(1)) -> A(XJ(1)) <8> fi 1 (U(l)), Af \u a ) = 1 ® u t ; 

A^ : n A CU(l)) -> (l l (0(l)) <8 A(XJ(1)), A^K) = u z ® 1. 

The exterior algebra on this differential calculus is built following |21j . as explained in section (13.4.11) . 
where the same procedure has been applied to the analysis of the 3D left-covariant calculus on SU g (2). 
It results S Qucl) = (^ 1 (U(1)))® 2 , so that 

(9.2) 0(U(1)) = Yl ®^(U(l)) Afc = A(U(1)) © O x (U(l)). 

fc>0 

The coproduct map in the Hopf *-algebra ,4(U(1)) can be extended to a homomorphism Aym : 
fi(U(l)) ->■ fi(U(l)) ® n(U(l)) given by 

Au(i)(y) =A(v?) = ip®ip, 

(9.3) A u( i)(pw,) = Af\(puj z ) + A<p(<PW*) = P(l ® *>w, + lo z <g> (p), 

for any ip € _4(U(1)). Given the principal bundle structure, the compatibility conditions among calculi 
on the total space algebra and the gauge group algebra allow to prove that there exists a unique extension 
of the coaction (|3.29[) of the gauge group U(l) on the total space SU 9 (2) to a left -4(SU 9 (2))-modulc 
homomorphism £ : fi(SU 9 (2)) -> Q(SU 9 (2)) <g> n(U(l)) implicitly defined by: 

(S r ®id)^=(id®A u(1) )S-, 

T?*SU,(2) = (*SU„(2) ® *U(l))5 r : 
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where the second condition expresses a compatiblity between the map J and the *-structures on the 
exterior algebras built over the calculi on SU 9 (2) and U(l). One has 

$(x)=A R (x) = x®z~ n , 

$(xuj-) =xuj-® z~ 2 ~ n , 

$(xu} + ) z 2 ~ n , 

3(xuj z ) = (x <g) z~ n uj z ) + (xu z <S> z~ n ), 

3(xuj- A w + ) = iw_Aw|8 z~ n 7 

3(xu} + A uj z ) = {xuj + ® z 2 ~ n oj z ) + (iW|AwJ z 2 ~ n ), 
${xuj z A w_) = (xuj- (g) z~ 2 ~"cj z ) |(iw 2 Aw_® z~ 2 ~"), 

(9.4) ^(aca;- A w + A w z ) = (xw_Aw + ® z~™u; z ) + (iw_Aw + AwJ z ~"), 

with cc G *4(SU 9 (2)), such that A,r(x) = x ® x G The homomorphism J can be restricted 

to the right coaction A^ fc) : ft fc (SU 9 (2)) -> O fe (SU g (2)) <g) -4(U(1)) given in (jOTjl : 

Ag ) (0) = (id®p o )3 r W 

with G fJ fe (SU g (2)) and p the projection 0(U(1)) -A(U(1)) coming from (|9l2| . The horizontal 
subset of the exterior algebra f2(SU g (2)) can be defined via: 

(9.5) f> hor (SU g (2)) = {0e n(SU,(2)) : 3W) = (id»PoM4>)h 
while the exterior algebra f2(S^) described in section [3.4.31 can be recovered as 

n(S 2 q ) = {4> G fi(SU,(2)) : 5(0) = ® 1}. 

From the analysis in section [S] one has that a connection 1-form is given via a map uj : il 1 (U(l))i nv — > 
n(SU g (2)) satisfying the conditions (|6.5[) . The equation f)6.13[) shows that any connection can be written 
as: 

Cj(lo z ) = uj z + a, 

with a G fi^S 2 ,). Given a connection, one can define a map 

(9.6) m w : O hor (SU g (2)) ® 0(U(l)) inv ->■ fi(SU,(2)), 

where the relation ([Ojl enables to recover n(U(l)) lnv ~ {C 1 (U(l)) inv }: given ifi G hor(SU g (2)) and 
6 = \ + hlu z G fi(U(l)) inv (with A,/i£ C) set: 

(9.7) m u) (i/'®0)=VA(/i + Aw(a; s; )). 
The map is proved to be bijective, and the operator 

(9.8) h u = (idgipo)^ 1 

a covariant horizontal projector /i w : 57(SU 9 (2)) — >• f)0t(SU g (2)). Given an element G f2 fe (SU g (2)), 
define its covariant derivative: 

(9.9) D<j) = h u d(j). 

In the formulation developed in |12L 113) this definition is meant to be the quantum analogue of the 
classical relation (|8.40p . 

The previous analysis allows for a complete study of this quantum horizontal projector. Consider a 
connection 1-form uj(u> z ) — uj z + Ulu- + Vu> + = uj z + a with U G and V G as in equation (|6.1ip . 
The inverse of the multiplicative map - the map mj 1 : f2(SU g (2)) — > hor(SU 9 (2)) ® Q(U(l))i nv - as 
well as the horizontal projector are given on 0-forms and 1-forms by: 

m~ (x)=x®l => hu,(x) = x; 

(9.10) m~ 1 (xu>±) — xu>± ® 1 =>■ = 

m~ (x uj z ) = (— a; a <g) 1) + (a; <g> w z ) w z ) = — x a 
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with x E _4(SU g (2)). This means that one has — Dcf> where <fi £ ^4(SU 9 (2)) with respect to the 

covariant derivative defined in (|6.18p . On higher order exterior forms one has: 

(9-11) 

1 (xuj- A ui+) = xu>- A uj+ (g) 1 =>■ h UJ (xuj- A cu + ) = xuj- A uj + , 
m~ 1 (xu! + A lo z ) — (— xlo + A a® 1) + (xuj + (g uj z ) h u (x uj + A uj z ) = — xuj + A a = x Uui- A uj+, 

m[J 1 (xuj- A uj z ) = (— x u>- A a (g 1) + (xuj- (g w z ) =4> h UJ (xuj- A uj z ) = — xuj- A a = — q 2 x V uj- A uj + , 

m~ 1 (xuj- A lo + A uj z ) — xuj- A uj + © ui z =>■ A uj+ A ui z ) = 0. 

Recalling the analysis in remark HT9l it is important to stress that the projector from (|9.8p is well 
defined on the exterior algebra f2(SU q (2)) for any choice of the connection, and defines a covariant 
derivative D : fl k (SV q (2)) ->■ n^+ 1 (SU g (2)) which reduces to the operators flTTg)) on 0-forms and ([Q4]) 
on 1-forms. The last equation out of (|9.11l) shows also that 2) : f2 2 (SU g (2)) — > 0. 

Remark 9.1. 7s t/ie horizontal projector defined in (|9.8|) £/ie ora/y well-defined horizontal covariant 
projector operator whose domain coincides with r2(SU g (2)) and whose range is [)or(SU g (2)) C r2(SU g (2)) ; 
smc/i that the associated horizontal projection of the exterior derivative (|9.9p reduces to the well established 
operator D : d$ £^ fc+1 - ) giuen m (|6.16p . (|6.34p ? The answer is no. To be definite, consider the 
operator h' u : fl(SU q (2)) — > fli 10I (SU q (2)) given by: 

h' u (x) = x; 
h' u (xoj±) = xuj±, 

(9.12) ti u (xw z ) = -x&, 

so to coincide with the projector h u (|9.10p on 0-forms and 1-forms, and: 

ft^IW- A UJ+ ) = X UJ- A U! + , 

h' bJ {xu)j r A uj z ) — q*x a A uj+ = q i xll uj- A uj + , 
h'^ixuj- A uj z ) — q~ A x a A uj- = — q~ 2 xV uj- A uj+; 

(9.13) h' u (xoj- Alj+ Auj z ) = 0. 

It is clear that the operator T)' = h'^d : Q k (SV q (2)) — > ^C[or (SU 9 (2)) defines a consistent covariant 
derivative on the whole exterior algebra on the total space algebra of the quantum Hopf bundle, which 
reduces to the operator® from (|9.9p when restricted to horizontal elements C f2 fc (SU ? (2)). Both the 
operators 23,23' coincide in the classical limit with the covariant derivative on the classical Hopf bundle 
(I8.40p presented in section^ 

The last step is to understand from where it is possible to trace the origin of such a projector h'^ 
back. It is easy to see that the isomorphism m^ 1 coming from (|9.7p can be recovered as the choice of a 
specific left A(SV q (2)) -module basis for the exterior algebra f2(SU q (2)) , namely 

n(SU g (2)) ~ A(SV q (2)){l®uj-®uj+®uj(uj z )} 
(9.14) 

© A(SU q (2)){(uj- A uj + ) © (uj- A uj(uj z )) © (uj+ A uj(uj z )) © (uj- A uj+ A uj(uj z ))}, 

while the horizontal projection obviously annihilates all the coefficients associated to exterior forms hav- 
ing the connection 1-form uj(uj z ) as a term. The projector h'^ in (19.12D . (|9.13p comes from the choice 
of a different left A(SV q (2)) -module basis of Q (SU 9 (2)), that is setting - as analogue of (|9.14p - the 
isomorphism 

fi(SU,(2)) ~ A(SV q (2)){l(SuJ-®uJ + ®uj(uJ z )} 
(9.15) 

© A(SXJ q (2)){(uj- A uj+) © (uj(uj z ) A cj_) © (uj(uj z ) A uj + ) © (cj_ A uj+ A uj(uj z ))}. 

and then defining h'^ as the projector whose nucleus is given as the left A(SV q (2)) -module spanned by 
{uj(uj z ), uj(uj z ) A uj±,uj- A uj+ A uj(uj z )}. An explicit computation shows that 

uj- A uj(uj z ) = (q 2 — q~ 2 )Vuj- A uj+ — <7~ 4 a)(u; z ) A uj- => ker h^ ^ ker h'^ : 

the two projectors are not equivalent, being equivalent if and only if the connection is the monopole 
connection. 
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